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MODULI OF CURVES, GROBNER BASES, AND THE KRICHEVER 

MAP 

ALEXANDER POLISHCHUK 


Abstract. We study moduli spaces of (possibly non-nodal) curves ,p n ) of 

arithmetic genus g with n smooth marked points, equipped with nonzero tangent vectors, 
such that Oc(pi + - ■ ■ +Pn ) is ample and H * 1 (Oc(a>iPi +■ ■. + a n p n )) = 0 for given weights 
a = (ai,... , a n ) such that a, > 0 and ^2 at = g. We show that each such moduli space 
ii”(a) is an affine scheme of finite type, and the Krichever map identifies it with the 
quotient of an explicit locally closed subscheme of the Sato Grassmannian by the free 
action of the group of changes of formal parameters. We study the GIT quotients of 
^s,n( a ) by the natural torus action and show that some of the corresponding stack 
quotients give modular compactifications of M g , n with projective coarse moduli spaces. 
More generally, using similar techniques, we construct moduli spaces of curves with chains 
of divisors supported at marked points, with prescribed number of sections, which in the 
case n = 1 corresponds to specifying the Weierstrass gap sequence at the marked point. 


Introduction 

Recently, modular compactifications of parametrizing curves with not necessarily 
nodal singularities attracted a lot of attention, in particular, in connection with Hassett- 
Keel program to study log-canonical models of M gn (surveyed in [5]). In the present 
paper, generalizing [17], we construct new examples of such modular compactifications 
that arise in connection with the Krichever map. The idea of the Krichever map is to study 
a projective curve C with a smooth point p via the subspace of all Laurent expansions of 
regular functions on C \ {p} with respect to a formal parameter at p, viewed as a point 
in the Sato Grassmannian. In the case when C is reducible, it is better to use an analog 
of this construction with several marked points, such that there is at least one marked 
point on each component. The corresponding morphism from the moduli space of curves 
with fixed formal parameters at marked points to the Sato Grassmannians has been used 
to study the geometry of the moduli spaces of curves (see [2], [3], [9], [18], [19]). In the 
present paper we study situations when there is a canonical choice of a formal parameter 
(with a given 1st jet) at the marked points. This leads to an identification of certain 
moduli stacks of curves with quotients of explicit affine varieties by the torus actions. 

The main objects of our study are the moduli stacks of curves with nonspecial divisors, 
described as follows. For every g > 1 let X(g,n ) denote the subset Z> 0 consisting of 
a = (ai,... ,a n ) such that a\ + ... + a n = g. For each a e X(g,n ) we consider (not 
necessarily smooth) reduced connected projective curves C of arithmetic genus g with 
smooth marked points pi, ■ ■ ■ ,p n , such that h l {Oc{aiPi + ... + a n p n )) = 0 and the line 
bundle Oc{pi + ... + p n ) is ample. We denote the moduli stack of such data by U™ n ( a). 
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We rigidify these data by adding a choice of nonzero tangent vectors at every marked 
point and denote by U g f n { a) —» a) the corresponding G”-torsor. 

In the case when n — g and all the weights a, are equal to 1, we recover the moduli 
stacks U g f g a and considered in [17]. We proved in [17] that if we restrict the base 
to Spec (Z [1/6]) then U g f g { 1,... , 1) is in fact an affine scheme of finite type over Z[l/6]. 
One of the main results of this paper is the following generalization of this to 7///(a). 

Theorem A. (i) There exists an integer N depending only on a, such that working over 
Z[1 /N] we get thatU g f n (a ) is an affine scheme of finite type over Z[1/7V], It is equipped 
with a G -action corresponding to rescaling of the tangent vectors at the marked points, 
(ii) For each a e X(g, n) there is a natural “forgetting last point” map 

for n+ i : U g l f n+1 (a, 0) —> a) 

and a compatible map of universal affine curves 

c 9 ,n+1 (^-j 0) \ {Pl, ■ ■ ■ ,Pn+ 1} -»• C gjn { a) \ {p u . . . ,p n }. 

(Hi) For a collection a l5 ... , a r e X(g, n) let us define Uff n { a l5 ... a. r ) as the intersection 
U g ( n {ai i)fl.. -FHgf n (a r ) inside the moduli stack of curves. ThenU g f n { ai,... a r ) is a principal 
affine open subscheme inUf s n ( ai). 

The key feature in [17] that led to an explicit embedding of U g s g into an affine space 
is the existence of a certain canonical basis of H°(C \ {pi,... ,p g }) for ( C,p \,... ,p g ) 
in this moduli space. In characteristic zero this is complemented by the construction of 
the canonical formal parameters at each marked point. In the present paper we explain 
both these phenomena in terms of the Krichever map to the Sato Grassmannian and 
generalize them to a). Namely, we associate with each a e X(g,n) a cell SG a in 
the Sato Grassmannian of subspaces in Tt = 0/ =i k((ti)), such that the Krichever map 
associated with n marked points and formal parameters at them lands in SG a if and only 
if h 1 (Oc(aiPi + . • • + CL n p n )) = 0 (for the precise definition of SG a see Section 1.3). The 
existence of a canonical basis (constructed for the universal curve) in H°(C\{pi,... ,p g }) 
has to do with a section for the action of the pro-unipotent group 0 of formal changes of 
variables t\,... ,t n , trivial modulo ( fj ), on SG a (see Theorem B below). 

Let ASG be the closed subscheme in the Sato Grassmannian corresponding to subspaces 
W C Ft such that 1 E W and W ■ W C W, and let ASG a = ASG fl SG a . Note that this 
subscheme is preserved by the 0-action. Our next result is that this action is free and 
the quotient is isomorphic to the moduli space of curves considered above. 

Theorem B. Let us work over Q. For any a e X(g,n) the natural action of the group 
0 of formal changes of variables on SG a admits a section S a, *° C SG a (depending on a 
choice of zq such that a io > 0, in the case when not all a* are positive), isomorphic to an 
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infinite-dimensional affine space. We have a commutative diagram of affine schemes 


W'“ ,(oo) (a)-- ASG a 

~ i 


—- asct/g 

where the horizontal arrows are given by the Krichever map and the vertical arrows are 
quotients by the free action of 0. 

Note that the conditions 1 G W, W ■ W C W were known to characterize the image of 
the Krichever map in related contexts (see [19, Sec. 6], [13]). However, as far as we know, 
this map was usually considered at the set-theoretic level, not at the level of moduli 
functors (an exception to this is the construction of [14, Prop. 6.3] for the moduli of 
integral curves). In fact, it seems that even to define the Krichever map as a map from 
some moduli stack of not necessarily irreducible curves C with fixed formal parameters 
at the marked points Pi, ■ ■ ■ ,p n , one needs to impose some restrictions on (C,p i,... ,p n ). 
For example, we define such a map for the moduli of (C,pi,... ,p n ) such that a sufficiently 
high multiple of the divisor pi + .. .+p n has vanishing h 1 (see Proposition 1.1.5). 

The proof of Theorems A and B starts with an explicit construction of the section 
S a, *° C SG a of the 0-action. Then, generalizing [17, Lem. 1.2.2], we introduce an affine 
scheme Sqb of finite type which parametrizes commutative algebras with Grobner bases 
of special type. The proof is achieved by studying natural morphisms 

Knffi) — n ASG a —>• S GB -> 

(see Section 1.7). 

We also study the GIT quotients of the schemes Ufiff a) by the natural G™ -action. In 
our next result, generalizing [17, Prop. 2.4.2], we show that these quotients, which depend 
on a character y of GJ^, are projective, and identify an explicit region of y for which the 
generic curve (resp., every smooth curve) is stable. 

Theorem C (see Theorem 2.4.1 (i),(ii) and Corollary 2.4.2). Let us work over 
an algebraically closed field k of characteristic zero. For any y G Z n the GIT quotient 
ldf s n ( a)/ y G is a projective scheme over k. Let C a C M n denote the closed cone generated 
by the vectors (a* + l)e,; — aje.j, with i j, and let C 0 be the subcone generated by the 
standard basis vectors e*. 

(i) For y jL C a one has a) / Gj^ = 0. For y in the interior of C a and for any 

smooth curve C of genus g, a point ( C,pi ,... ,p n ,v i,... ,v n ) G Uffffi a) corresponding to 
generic points Pi, ■ ■ ■ ,p n , is y -stable. 

(ii) For x in the interior of Co every smooth curve is x~stable. For such y every semistable 
point is stable and the notion of semistability does not depend on y. The corresponding 
quotient stack U'ff n (a) s fi/is proper. 
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Note that Theorem C(ii) implies that for x in the interior of Co the irreducible com¬ 
ponent of the quotient stack Uf s n {a) s f /G^, containing smooth curves, is a modular com- 
paetihcations of M g , n hi the sense of [20]. The same is true for other generic characters 
in C a , i.e., for x hi the complement to a finite number of codimension 1 walls, however, 
for arbitrary a we do not know explicitly the set of walls (cf. Remark 2.4.3.1). 

From Theorem B we see that AS'Gn£ a, *° is a section for the free action of (5 on ASG a , 
in particular, 

ASG a /(S ~ ASGnZ a ’ io . 

Combining this isomorphism with Kr we get an explicit G” -equivariant embedding of 
Gg S n ( a) into the infinite-dimensional affine space £ a, *°. The corresponding coordinates 

a ij[p,q] on 7/”)j(a) (see (1.3.3)) descend to sections aiij\p,q\ of certain line bundles on 
^“( a ) (linear combinations of ^-classes). In particular, we can define similar sections 
« y -[p, q] of line bundles on the open substack A4 3i „,(a) of stable curves (C,pi,... ,p n ) such 
that H l (C, 0(p\ + ... + p n )) = 0. Generalizing [7, Prop. 3.1.1], we estimate the poles of 
these sections along the complement to A/t g , n (a) in M. g , n (see Theorem 2.5.9). This can 
be considered as the first step towards studying the birational maps from M. g , n to the 
GIT quotients of Uff (a) by G”. 

We apply similar ideas to analyze more general moduli spaces of curves. Namely, we 
consider pointed curves (C,pi,... ,p n ), where Pi, ■ ■ ■ , p n a re smooth and distinct, with the 
following additional structure: an effective divisor D, supported at {pi,... ,p n }, such that 
h}{D) = 0, and a chain of effective divisors between 0 and D, such that h° is stipulated 
along the whole chain. We leave the precise formulation for Section 4, and state here 
our result in the case n = 1. In this case we study the moduli space U gi \[£\ y . • • , £ g ] 
of irreducible pointed curves (C, p) of arithmetic genus g, with a choice of a nonzero 
tangent vector at p, with a given Weierstrass gap sequence 1 = G < £ 2 < ■ ■ ■ < G 
at p. This means that the function n i —> h l {np ) jumps precisely at these values, and 
is constant on the intervals [G,G+i — 1], 7 = 0,... — 1 (where we set £ 0 = 0). The 

precise moduli problem can be formulated by considering families of irreducible pointed 
curves {ji : C —>■ S,p : S —>• C) with the requirement that i? 1 7r*(mp) are locally free of 
given ranks (see Corollary 4.1.9). We also define similar loci ASG[£i ,... ,£ g ] in the Sato 
Grassmannian, corresponding to subalgebas W C "H = with given dimensions of 

intersections with t-~ m k[[t]\, determined by G, • • • ,£ g (see Section 4.1). 

Theorem D. Let us work over Q. For each gap sequence 1 — G < ... < £ g the mod¬ 
uli stack U g ^ i[G,... ,£ g \ is an affine scheme of finite type over Q. The action of 0 on 
ASG[ G, ••• ,£ g ] is free and admits a section. The Krichever map induces an isomorphism 

Z4i[G,-. - ,£g\ ~ASG[£ 1: ... ,£ g \/0. 

Note that moduli spaces similar to U 9t i[G, • • • , £ g ] were constructed by Stohr [23] in the 
special case when £ g = 2g — 1 (the maximal possible value for £ g ), G = 2 and £ g ~\ > g. 
His approach was to work with Gorenstein curves and to use the canonical embedding, 
whereas we consider not necessarily Gorenstein curves and use the Krichever map. As 
a byproduct of our more general approach we are able to deduce that any projective 
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irreducible and reduced curve of arithmetic genus g > 1, that has a smooth point p such 
that /d((2 g — 2 )p) = 1, is Gorenstein and has u>c — 0((2g — 2 )p) (see Corollary 4.2.4). 
Thus, it seems plausible that Stohr’s moduli spaces are special cases of our moduli spaces 
(see Remark 4.2.5.1 for more discussion). 

In [17] we also proved that U g s g (l, ... ,1) can be interpreted as the moduli space of 
minimal Aoo-structures on a certain finite-dimensional algebra. Elsewhere we will discuss 
a similar interpretation of the moduli schemes U g s n ( a). 

The paper is organized as follows. 

In Section 1, after introducing the basic framework for working with the Sato Grass- 
mannian and the Krichever map, we study the moduli spaces U' g s n (a). In addition to 
proving Theorems A and B, we describe them as moduli spaces of marked algebras of type 
a, which are commutative algebras equipped with some special kltrations—this notion 
captures the properties of the filtration on H°(C \ {pi,... ,p n }, O) by order of poles at 
the marked points (see Proposition 1.5.5). In comparison to the case g = n, a = (1,... , 1), 
considered in [17], the use of Grdbner bases is slightly more technical for general a. In 
Section 1.6 we identify a class of Grobner bases for commutative algebras arising from 
the Krichever map. 

In Section 2 we further study the schemes U g f n (a) and the G^-action on them. In 2.1 
we construct some special curves corresponding to points in ld g s n ( a). Then in 2.2 we find 

a subgroup G m in G]^, with respect to which the coordinates on U g f n (a) have positive 
weight. In particular, we get that the action of this subgroup degenerates any curve in 
U g s n (a) to a certain cuspidal curve C ,cusp (a). In 2.3 we find a convenient set of generators 
in the algebra of functions on lA g s n (a), which is helpful in the analysis of the GIT stability 
conditions. In 2.4 we study the GIT quotients of U g f n { a) by the G^-action, in particular, 
proving Theorem C. In 2.5 we analyze the poles of the coordinates ay,-[p, q\, viewed as 
rational sections of line bundles on M. g , n - 

In Section 3 we consider examples of the moduli schemes U g s n { a) with g — 1. In 
particular, we explain the connection to the moduli spaces of genus 1 curves studied in 
[ 11 ]- 

Finally, in Section 4 we study the moduli of curves with chains of divisors supported at 
marked points and with prescribed h °, proving Theorem D and its generalization to the 
case n > 1, Theorem 4.2.2. 


Notation and conventions. All curves (over algebraically closed fields) are assumed to be 
reduced and connected. We always assume that g > 1. We denote by ei,... , e n the 
standard basis vectors in Z n . By the infinite-dimensional affine space over R we mean 
Spec(R[x 1 ,x 2 , •••])• 


Acknowledgment. I am grateful to the Institut des Hautes Etudes Scientihques where 
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1. Moduli spaces of curves via the Krichever map 
1.1. The Sato Grassmannian and the Krichever map. Let k be a field. Set 

n 

ft = ft* = ©*(&)), 

i= 1 

where t\,... ,t n are variables, and for N e Z, 

n 

u > n = (j) ^[[^]]^r g ft- 
2—1 

The Sato Grassmannian 5'G = SG(U) parametrizes subspaces W C U, such that the 
operator 

dvr ; kF © "H>o —^ U (1.1.1) 

has finite-dimensional kernel and cokernel. We denote these kernel and cokernel by 

h°(w) ■.= w n u >o = 1, H\W) := U/(W + U> 0 ). 

For each v £ U we call the component of v in k((ti)) the expansion of v in t t . 

The Sato Grassmannian can be defined as a scheme by gluing open cells that are 
identified with infinite-dimensional affine spaces (see [3, Sec. 4.3], [19, Sec. 2]). Namely, 
for every collection S of subsets Si C Z, i = 1,... ,n, such that 5^ \N and N\Si are finite, 
there is an open subset Us C SG parametrizing subspaces W such that W © Us = ft, 
where 

n 

fts=(j) n kti. 

*=i jeSi 

All such W can be represented as graphs of linear maps (f) : Us? —» Us, where 

fts- = ^ kt{. 

i,j£Si 

The components of <f> give coordinates on Us identifying it with the infinite-dimensional 
affine space. The transition maps are algebraic and defined over Z, so in fact, SG can 
be defined as a scheme over Z. More generally, for every lattice L C U, i.e., a subspace 
commensurable with 0" =1 fc[[L]], there is an open subset Ul C SG (defined over k), 
isomorphic to an infinite-dimensional affine space, consisting of W such that W ®L = U. 

For simplicity of exposition we will discuss below various subschemes of SG in terms 
of /e-points, where k is a field. However, there are natural analogs of these subschemes 
defined over Z using the above description of SG as a scheme glued from the open subsets 
Us- One can also explicitly work with i?-points of SG, where R is a commutative ring 
(see e.g. [14, Sec. 2.A]). 

For an integer g we denote by SG(g ) the connected component of SG consisting of W 
such that dimiL°(VF) — dimhft(kF) = 1 — g. 

Let us denote by e* e U, i — 1,... ,g, the natural idempotents, and let 

1 e\ e g £ U- 
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Let SG'(g) denote the closed subscheme of SG(g) consisting of W such that 1 G W. 
Note that SG'(g) can be naturally identified with a connected component of the Sato 
Grassmannian SG(R/( 1)), where (1) is the subspace generated by 1. We are interested 
in the open subset SGi(g) C SG'(g) given by 

SG^g) := {W G SG'(g) \ H°(W) = (1)}. 

Equivalently, W G SG\(g) if and only if H 1 {W) has minimal possible (for W containing 
1) rank g. 

In fact, SGi(g) is the union of the open subsets, which we call open cells, defined by 

SG 1 (g) L :=SG\g)nU u (1.1.2) 

where L = (1) © 1/ G R, is a subspace containing R> o and such that dim L/R> 0 = g. 
The following lemma implies that this open subset does not depend on a choice of the 
complement LI C L to (1). 

Lemma 1.1.1. One has 

SGi(g) L = {W G SCn(g) \ W + L — Li} = {W G SG'(g) \ L/R> 0 H l (W)}. 

(1.1.3) 

Proof. By definition, W G SGfg) is in SG\(g)L iff the map L' ~ L/( 1) —» R/W is an 
isomorphism. This implies that the map 

L/n > 0 ->r/(r > 0 + w) = h\w) ( 1 . 1 . 4 ) 

is an isomorphism, or equivalently, W G SG\(g ) and the map L/"H> 0 —> H l {W) is 
surjective. The latter surjectivity is equivalent to W + L — Li. Conversely, if the map 
(1.1.4) is an isomorphism then dim H 1 (W) = g, so "H>o D W — (1), hence Li/W is an 
extension of i/ 1 (hL) by PL> o/(l), and so the map L/( 1) —> Li/W is an isomorphism. □ 

In particular, for S = UjL { S t , where the subsets Si C Z, i = 1,... , r, are such that 
Z> 0 C Si and ^ \ Z> 0 | = g,w e set 

Us,i = U S) i(g) := SGi(g)- Hs . (1.1.5) 

These cells form an open covering of SG\(g) defined over Z. Note that for any subspace 
W C PLr corresponding to a point in Us t i(R ) (where R is a commutative ring), the 
quotient W/R ■ 1 has a canonical basis of the form 

(ti +Vi,j)i=i,...,n,j^Si with Vij G PLs- (1.1.6) 

Definition 1.1.2. We denote by V the vector bundle of rank g over SGi(g), whose fiber 
over W is i/ 1 (hL) (below we will show that V is related to the similarly defined bundle 
on a certain moduli space of curves). By definition, this bundle is trivialized over each 
open subset SG\(g)L with L as above via the natural morphism 

{L/n> o) © O -G ¥ 

which is an isomorphism over SG\(g)i,. Similarly, for every IV > 0 we denote by 
the vector bundle over SGi(g) whose fiber over W is R/{W + R^n)- More precisely, for 
IV > 1 it has rank g + Nn — 1 and is defined using the natural trivializations 

(L/(R> n + (1))) © O -G Y n 
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over SGx{g) L . 


Remark 1.1.3. Note that the line bundle det(V) is isomorphic to the inverse of the 
determinant bundle Det on SG, restricted to SGi(g). Indeed, by definition, on the 
open subset of W such that W D Tl>i = 0 (which contains SG\(g)), we have Detjj/ ~ 
det (H/(W + ' H>i )). Since on SGi(g) we have W D H > 0 = (1), there is a canonical 
isomorphism 

det {n/{W + U> i)) — det {H/W + U > 0 ) = det(V). 

Now we are we are going to define a version of the Krichever map for the moduli spaces 
of curves we are interested in. 

Let Ug denote the moduli stack of projective curves C with h 0 (C,O) — 1, of arith¬ 
metic genus g, equipped with distinct smooth marked points Pi , ■ ■ ■ ■ p n and formal pa¬ 
rameters (ti,... , t n ) at these points. Let us consider the open substack in the stack of all 
curves 

Kn C Z4n 

consisting of (C,p i,... ,p n ) such that h l {C, 0(N(pi + ... +p n ))) = 0 for 3> 0, and let 
Ug ,n°°' > C Ug.^ denote the preimage of U T g n under the projection U g °^ —> U g , n . 

Below we use the extension of the standard “cohomology and base change” results to 
algebraic stacks proved in [8]. 

Lemma 1.1.4. Let ti : C —* U gn be the universal curve. Then V := R^ti^O is a vector 
bundle on U r g n . 

Proof. Let U g ^ n {N) C U o n be the open substack defined by the condition H l (C, 0(N(pi + 

... + p n ))) = 0. By definition, U r g n = Ua rUg t „{N), so it is enough to prove the assertion 
over U g , n (N). By the base change we know that R 1 n*(0(N(pi + ... + p n ))) = 0, so we 
have an exact sequence 

0 —y 7r*(9(iV(pi + ... + p n )))/n^O —> ti (AT \p\ + ... + p n ))/(D) - *■ R^ti^O —> 0. 

(1.1.7) 

Furthermore, for any x G U g . n {N) we have a commutative square 


7r*(C>(lV(pi + ... +p n ))/0) ® k(x) —<► R l n*0 ® k{x) 


(p°(x) T 1 ^) 


H°(C X , 0(N( P i + ... + p n ))/G) -► H\C X , O) 


where the vertical arrows are the base change maps and the horizontal arrows are surjec¬ 
tive. Since the left vertical arrow is an isomorphism, this implies that 

</9 1 ( x ) : R l n*0 ® k{x) —y H 1 {C X1 O) 

is surjective. On the other hand, since H°(C X , O) is spanned by 1, the base change map 

(f°(x) : n,0 ® k(x) —y H°(C X , O ) 

is surjective for any x. By [8, Thm. A], this implies that R 1 ti,0 is a vector bundle. □ 



We have a natural action of the group © = n”=i ®?: on TL, where 0, acts by changes of 
the parameter L of the form 

ti e - ^ t i + Cit- + C2tj + ... . 

Note that the group 0, is the projective limit of the groups 0,:(p), which only track the 
changes of t { mod(tf +1 ). We have 0*(1) = 1 and each 0;(p) is a unipotent algebraic group 
(obtained by successive extensions of G a ). In this way we can view 0j as a pro-unipotent 
group scheme defined over Z. 

We consider the induced action of 0 on SGi(g) C SG, which is an algebraic action of 
a group scheme on a scheme. The group 0 also acts naturally on U 9 °^ by changing the 
formal parameters at the marked points. 

Proposition 1.1.5. There is a Q5-equivariant morphism (the Krichever map) 

Kr : Up:-' -> SG^g) : (C,p„ ... ,p„,f„ ... , t„) n H°(C \ {p,... ,p„}) c H. 

(1.1.8) 

i/ere f/ie embedding H°(C \ {p\... ,p n }) C Ti is given by the expansions of functions in 
Laurent series with respect to the parameters ti. 

Proof. For IV > 1 let UffiiN) C be the preimage of U g , n {N ) C U g , n . It is enough 
to define compatible morphisms on each U 9 ^\n). The main point is that we can define 
open subsets in ^^{N) which will become the preimages of the open cells Us ,i C SGi(g) 
under the map Kr. Namely, taking S to be the collection of subsets Si C Z, i = 1,... , n, 
such that N C Si C —N + N (our convention is that 0 G N), we define the open subset 

U$(N,S)CU%\N) 

by the condition that the composition 

n n 

(D @ ^ ^ © (D 0 • ~ 7T*((9(IV(pi + ... +p n ))/0) -» R l n*0 

i =1 je[-N,-l]nSi i =1 j£[-N- 1 ] 

is an isomorphism, where the isomorphism in the middle uses the formal parameters at 
the marked points. Note that since 6 is surjective and since FTir^O is a vector bundle 
by Lemma 1.1.4, these open subsets cover U g °(f\N). Now we claim that over U g (f\N, S) 
the subspaces H°(C \ {pi,... ,p n }) C TL give rise to points of Us,i, and this defines a 
0-equivariant morphism 

U^(N,S) ^ U S:1 . 

Indeed, this follows from the fact that for each (C,pi,... ,p n ) underlying a point in 
U 9 m\n, S), the image of the map 

n 

H°(C, 0(N'( P i + ... + p n ))) H°(C, 0(N'( P i + ... + Pn ))/0) ~ © © M 

i =i je[-v',-i] 
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for N' > N, is complementary to the subspace 0" =1 0 ;e [_jv' -i]n 5 i ^ Furthermore, 
the exact sequence (1.1.7) shows that over Ug%\N,S) the composed map 

n 

n*(D(N'(pi + ... + p n ))/n*0 —> n*(0(N' (pi + ... + p n ))/0) —> © © o-i 

i= 1 je[-N',-l]\Si 

is an isomorphism for N' > N, so using the inverse map we get a map 

n n 

© © O ■ t\ —> TT*0(N'(pi + . . . + p n )')l'K*0 —> © II o-4, 

i= 1 je[-N',-i\\Si i =1 ieSAfo} 

dehned over S). The collection of the resulting functions on Ug°%\N, S) gives the 

required morphism to Us,i- □ 

Remarks 1.1.6. 1. The pull-back of the vector bundle V (see Definition 1.1.2) under 
Kr, is isomorphic to the pull-back of the similarly denoted bundle V on U gn (see Lemma 
1.1.4). Over the locus of stable curves the latter bundle is isomorphic to the dual of the 
Hodge bundle. 

2. In the case of moduli of integral curves the morphism Kr was dehned in [14, Prop. 6.3]. 
An example of (C,pi,... ,p n ), which does not belong to the substack Ug^K is a curve 
that has a nonrational smooth component Z, joined with the union of other components 
in a single node, such that there are no marked points on Z. In fact, for such a curve the 
subspace H°(C \ {pi,... ,p n }) C H does not belong to SG(g). 

1.2. Formal divisors and cohomology. Let us denote for any integer vector b = 
(&i,... , b n ) G Z", 

n n 

H>h '■= c b := c 77. 

i —1 i= 1 

We define 77>b and 77<b in a similar fashion. 

We will also use formal divisors, which are elements of the free abelian group with the 
basis pi, • • • , p n (formal points). For such divisors we write i < if a, < 6* 

for every i. The support supp(D) of D = J2 a iPi is the set of i such that a* ^ 0. We set 
deg(D) = a,i. For D = a iPi we se l 

H( D) := «>(_„._„ nl . 

For a point W of the Sato Grassmannian we set 

H°(W(D)) := W fl 77(D), 77 1 (IF(D)) := H/(W + 77(D)). (1.2.1) 

For example, the fiber of the bundle ¥jv at IF is H 1 (W(—N(pi + ... + p n )))- For 
W = H°(C \ {pi,... ,p n }), where (C,p n ... ,p n , t u ... , t n ) E Ug^ one has 

H\W ( 01 P 1 + • • • + a„p n )) = H l (C , OcifliPi + • • • + & n p n ))• 

Note that for every D > 0 the subset SG( D) C SGi(g) consisting of W such that 
77 1 (hF(D)) = 0 is open. In the case when deg(D) — g we get one of the open cells (1.1.2): 

SG(B) = SG 1 (g) n(D) . 
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For every D = ^ a t p l > 0 we have a natural morphism of vector bundles over SGi(g), 

vr D = vr a : (H>_ a /^> 0 ) ® O -> V, (1.2.2) 

induced by the embedding 'H>_ a /'H>o —> 'H/'H >o and by the natural projection. 

Definition 1.2.1. For a scheme X with a morphism f : X SGi(g) and a formal 
divisor D = Y2 a iPi > 0 we dehne the coherent sheaves on X, 

/C(/, a) = K{f, D) := ker(/*7r D ), C(f, a) = C(f , D) := coker(/* vr D ). 

(1.2.3) 

In the case when / = id we set /C(D) = /C(id, D), C(D) = C(id, D). 

For example, C(0) = V. 

It is easy to see that for the embedding i : {W} SGi(g) of a fc-point in SGi(g) we 
have 

JC(i, D) = H°(W(D))/k • 1, C(i, D) = H l (W{ D)). 

Lemma 1.2.2. For every pair of formal divisors 0 < D' < D, and a morphism f : X —> 
SGi(g) one has an exact sequence 

0 -> K{f, D') ^ JC(f, D) -> (fH{D)/Fi{D')) ® O y -> C(f, DO ^ C(f, D) -> 0. 

Proof This is the long exact sequence of cohomology associated with the exact sequence 
of two-term complexes 


o-- {n(D')/n> 0 ) ® Ox — (n(D)/n> 0 ) ® o x — {Hip)/ u(t>')) ® o x -- o 


o 


/*7T D' 


n r D 


f*Y 


id 


/*V 


0 


0 

□ 


Remark 1.2.3. It is well known that the ring of polynomials in infinitely many variables 
(with coefficients in Z) is coherent. It follows that the structure sheaf O is coherent on 
SGi(g). Hence, for any D > 0 the (9-modules /C(D) and C( D) are in fact coherent sheaves 
on SGi(g<). 

Corollary 1.2.4. For any 0 < D' < D. over the open subset SG( D) C SGi(g) one has 
a natural isomorphism of C( D') with the cokernel of the morphism of vector bundles 

/C(D) ->■ {U(p)/Up'))®0. 

Proof Over S'G(D) the map 7 Td is surjective, hence /C(D) is a vector bundle. Now the 
assertion follows from the exact sequence of Lemma (1.2.2). □ 
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1.3. The open cell associated with a = (cii,... , a n ). For a = (ai,... , a n ) G X(g, n ) 
we consider the open subset SG a C SGi(g) defined by 

-S'G a := SG(aipi + ... + Q n Pn) = {IT G SGi(g) \ W + 7j>_ a = 7j}, 

where —a = (—oq,... , — a n ) (see (1.1.3)). In other words, SG a is the locus in SGi(g), 
where H 1 (W(aiPi + ... + a n p n )) = 0, or where 7r a is an isomorphism. 

Note that the preimage of SG a under the Krichever map (1.1.8) is the open substack 
Ug°^\ a) C Ug°^ given by the condition H l (C, 0(a\p\ + ... + a g p g )) = 0. 

We identify SG a with the infinite-dimensional affine space Honp c ('H < _ a , "H>_ a /(1)), by 
associating with W G SG a the unique linear map 

0' : H<_ a -G H>-J( 1) 

such that W/(1) is the graph of 0'. We can lift 0' to a linear map 

0 : H<_ a ^ ?f>_ a , (1.3.1) 

defined up to adding a linear map with values in (1) C "H>_ a . Then the subspace W 
corresponding to 0' is spanned by elements 1, , n -, P <-ai, where 

m = (i-3.2) 

with 

n 

Ht P i) = Yl (1.3.3) 

3=1 q>—a,j 

Note that the elements /*[p] are defined uniquely up to adding a constant. Thus, the 
coefficients (cx tJ [p, q]), where p < —a^q > —dj, are well defined for q ^ 0 (i.e., do not 
depend on a choice of lifting 0 of 0'), whereas for q — 0 only the differences of the form 
aij\p, 0] — a.ij'\p , 0] are well defined. We can normalize the coefficients 0] (and /) \jj ]) 
by requiring that ctu\p, 0] = 0. This is the normalization used in this Section, as well as in 
Section 2.3. Another normalization, which is used in Section 2.5, is obtained by choosing 
jo G [l,n] and requring that oy JO [p, 0] = 0. With either choice the remaining nonzero 
functions («p [p, <?]) form coordinates on the affine space SG a . 

Using the above coordinates we identify SG a with the infinite-dimensional affine space 
over Z. For a commutative ring R , the i?-points of SG a can be identified with R- 
submodules of 

n 

Hr := R{(ti)) 

1=1 

for which there exists a basis 1, (fi[p\) of the form specified above. 

Recall that for every N > 0 we introduced a vector bundle Vn over SGi(g) with the 
fiber H 1 (W(—Npi —... — Np n )) over W. Furthermore, over SG a we have a trivialization 

+ (1)) ® O — V N 


(see Definition 1.1.2). 
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With every set S = U” =1 aS), such that Z> 0 C Si C Z for i — 1,... , n and I\ 
Z> 0 | = g, we associate a morphism of vector bundles of rank g on SGi(g), 

its ■■ U s /n> 0 (1.3.4) 

and hence a global section 

s s := det(7r s ) (1.3.5) 

of the line bundle det(V), where we use the trivialization of det('Hs/'H>o) associated with 

a fixed basis of "H, given by (f" 1 ) in some order. 

Similarly, for IV > 1, we consider sets S = U” =I S), where Z>jv C Sj C Z, such that 
JV =1 1 Si \ Z>jv| — g + Nn — 1, and the corresponding morphism of vector bundles of rank 
g + Nn — 1 on SGi(g), 

tts.at : dis/Li>N ® G > V^. (1.3.6) 

We set 

ss,n := det(7r s ,v) e H°(SGi(g), det(Yjv)). 

Lemma 1.3.1. (i) There is a natural isomorphism kn : det(VAr) —> det(V), such that 

Ss,l ■— kn(ss,n) 

does not depend on N > l, for appropriate ordering of the standard bases of 'Hs/'H>n- 
(ii) Let S = U™ =1 Si be such that Z> 0 C Si and Y^i =i I Si \ Z> 0 | = g. For fixed i consider 
S' = U j=iSj, where S[ = Si \ {0} and Sj = Sj for j ^ i. Then 

SS = SS',1) 

for appropriate ordering of the standard basis of 'Hs/TL>o. 

Proof (i) For iV > 1 we have an exact sequence of vector bundles on SG\(g) 

0 —> TL>o/(TL>]sr + (1)) ® O —>■ V/v —> V —)■ 0, (1.3.7) 

Passing to determinants we get the isomorphism k^. If Z>n C S) for all i then we have 
a morphism of exact sequences 

0 —i ® O —► PLs/TL>n+i ® O —*■ TLs/TL>n ® 0—> 0 

tts,n+i Ts,iv 

0 —^PL>]\r/PL>i\[+i ® O -*■ Vjv+i-*■ Vtv —^ 0 

The lower exact sequence gives an isomorphism kn,n+i ■ det(Vjv) —> det(Vjv+i), so that 

«v,Af+i(det(7rs i v)) = det(7rs,v+i)- 

It is easy to see that k,n+i o Kn,n+i = kjv, so we deduce that 

K Ar (det(7r S)JV )) = K J v + i(det(vr SiAr+ i)). 

(ii) This is proved similarly to (i), using the exact sequence 

0 —>• FL>o/(PL>i + (1)) —> Vi —> Vo —> 0. 
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□ 


We refer to (sg) and (ss,i) as Pliicker coordinates on SGi(g). Since we do not fix an 
ordering of the standard bases of 'Hs/'H>n, there is a sign ambiguity in the definition of 
these sections, hence the appearance of ± in the formulas below. 

Remark 1.3.2. Under the identification of det(V) with Det -1 (see Remark 1.1.3) our 
sections (ss) correspond to the restrictions of the Pliicker coordinates on SG (see [14, Sec. 
2-D]). 

Note that for a = (op,... , a n ) G X(g, n), if we set S) = [—op, +oo), i — 1,... , n, then 
the morphism 7r s is exactly the morphism 7r a (see (1.2.2)), such that SG a is the locus 
where 7r a is an isomorphism. In other words, SG a is the complement in SGi(g) to the 
closed subscheme Z a C SGi(g) given as the zero locus of 

s a := det(vr a ) 

which is a section of the line bundle det(V). 


Proposition 1.3.3. Let us normalize (ay,[p, 0]) by setting atu\p,0\ = 0. 

(%) The coordinate aiij\p,q], where p < —ai — 1, q > —aj (see (1.3.3),) on SG a has the 
following expression in terms of the Pliicker coordinates: 

aij\p,q] = ±—, 

where S = U Sk is defined by 

Si = [-ai, +oo) \ {0} U {p}, Sj = [-aj, +oo) \ {q}, S k = [~a k , +oo) for k ^ i,j. 

If in addition q < 0, then we have 

aij[p,q\ = ± —, 

where S' = US^ with S[ = [—a*, +oo) U {p} and S' k = S k for k ^ i. 

(ii) For another element a' e X(g,n), the intersection SG a D SG a is the principal affine 
open in SG a given by the nonvanishing of the function 

— = det(^4 &)a /) 

^a 

on SG a , where A a a i = 7r a 1 o Ti a , can be viewed as the Hom('H>_ a '/^>o ! -valued 

function on SG a given by 


4la,a'(0)(^ 


tj mod'H> 0 , j > ~ai, 
mod?^>o j <—ai, 


(1.3.8) 


where we take (^) i _i i ..., g -- a '<j<o as a basis of'H>- a >/TL >o and identify SG a with the affine 
space of maps f as in (1.3.1). 


Proof, (i) Set N = max(l, q + 1), and let PL' > _ a C H>- a (resp., PL' >0 C TL> o) be the 
subspace obtained by omitting the element tf in the standard basis of "H>_ a (resp., TL > 0 ). 
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As in Lemma 1.3.1, using the exact sequence (1.3.7), and the morphism of exact sequences 


0 —- U'>JU> N < 8 > o -- u'>_jh> n n>-ju> 0 0 


/ 


^a,lV 

7Ta 


Ch %>o/('H >n + ( 1 )) <E) O -*- -► V-► 0 

we see that the natural map 

7Ta,Jv : ~> Vat 

is an isomorphism on SG a , and its determinant is equal to s a . Thus, ss,i/ s a is equal to 
the determinant of the map 

A = (tt^at) 1 ° Ts.w : 'Hs/'H>n <S> O <8> O. 

For any element b of the standard basis of 'Hs/'H>n, except for t p , we have A(b) = b, 
viewed as an element of ' H' > _J'H>n■ As for A(t p ), we have to find an element v(W) G 
such that 

t p = v(W)modW + n> N . 

The element ff\p\ G W (see (1.3.2), (1.3.3)), normalized by au\p, 0] = 0, satisfies 

Mp\ = t p i mod H>_ a . 

Thus, we have 

A(t p ) = v(W) =t\- fi\p\ mod'H> N - 

Now computing the determinant reduces to taking the coefficient of t q - in A(t p ). 

The second formula in the case q < 0 follows from Lemma 1.3.1(h). 

(ii) The first assertion is an immediate consequence of the fact that SG a is the nonvan¬ 
ishing locus of s a '. To calculate 

4a' : (H>-*/H>o) 80 —VAl (H>_ a /77>o) ® O 

we note that A(t\) at W G SG a is the projection of tjmod'H>o to 'H>- a /'H> o along 
W/{ 1 ). Taking W to be the graph of 0 we get the formula (1.3.8). □ 


Corollary 1.3.4. If a,j > 0 then one has 

r iii ’^ a + e * —e j 

a ij[~ a i ~ 1j ~ a j\ = A-• 

1.4. Action by changes of parameters. Recall that we denote by 0 the product 
over i = 1,... , n of the groups 0; of formal changes of parameters of the form t, t i —> 
ti + c\tf + c-iff + .... Note that the action of 0 on H preserves all the subspaces H>~b 
(where b G Z n ). Hence, the induced action on SGi(g) preserves each open cell SG a . 


Definition 1.4.1. Let G be a group scheme acting on a scheme X. We say that a closed 
subscheme S C X is a section for the action of G if the map G x S —>■ X, given by the 
action, is an isomorphism. In this case the action of G on X is free. 
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The following simple observation will be useful for us. 

Lemma 1.4.2. Let S C X be a section for an action of G on X and let f : Y —> X be a 
G-equivariant morphism. Then the schematic preimage /” 1 (S') is a section for the action 
of G on Y. 

Proof Set T = /~ 1 (S'). Consider the commutative diagram 

G x T -► G x Y ——- Y 


O-X 

GxS -- G x X ——- X 

with the vertical arrows induced by / and ax, ay the action morphisms. The left square 
is cartesian by the construction of T. We claim that the right square is also cartesian. 
Indeed, this immediately follows from the fact that the composition of ax with the au¬ 
tomorphism (g,x) i —y ( g,g~ l x ) of G x X is simply the projection G x X —» X (and 
similarly for Y). Hence, the big rectangle in the above diagram is cartesian. Since the 
map G x S —> X is an isomorphism, we deduce that the map G x T —>■ Y is also an 
isomorphism. □ 

The following result is a generalization of [7, Lem. 4.1.3]. We use the notation from 
Section 1.2. 

Proposition 1.4.3. Fix i, 1 < i < n, and b = (6i,... ,b n ) G Z" 0? such that bi > 0. Let 
X be a scheme over Q equipped with an action of 0.,, / : X —> SG\(g) a &i-equivariant 
morphism, such that f* 7r b is surjective. Assume also that the C = C(f, b — e*) is locally 
free of rank 1. Then there is a closed subscheme E; Y C X parametrizing x G X such that 
for each p > 1, there exists an element v p G W x := f(x) with 

v p = tf bi ~ p modU>- b+ei , 
such that E; Y is a section for the <8i-action on X. 

Proof. Let us set for each p > — 1, 

1C P ■■= JC(f, b + pef) = ker(f*7t h+pei ). 

By assumption, the morphism f*n b is surjective, so from Lemma 1.2.2 we get an isomor¬ 
phism 

F p /K. () ~ ('H>_b- P e i /'H>_b) <2> Ox- (1-4.1) 

On the other hand, from the same Lemma we get an exact sequence 

0 — > JC-i —> Xq — > ('H>_b/’H>_b+e i ) ® Ox — > G — > 0. (1-4-2) 

Since C is locally free of rank 1, this implies that the arrow /C_i —> /Co is an isomorphism. 
Thus, using (1.4.1) we obtain a morphism 

<Xp : ('H>_b- P e i /'H>-b) <8> O x — JC P /1C 0 — /C p //C_i —> (fH>-. b - pe JPL>~ b +ei ) ® O x , 
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where the last arrow is induced by the embedding /C p —> ('H>-\ 3 _ pei /'H> 0 ) ® Ox- Using 
the natural basis of T~L we define the composed map 


t % p <S> Ox ('H>-h-pe i /'H>-b) ® Ox ^ ('H>_b-pe i / - H>-b+eJ ® Ox —> bl ® Ox, 

and we denote by a, (p) the corresponding function on X. 

The meaning of this function is the following: ai(p)(x) is the coefficient of t~ bi in the 
expansion of an element v p G W x such that v p = t^~ p mod'H>_b- The point is that such 
an element v p is defined up to adding an element in W x fl "H>-b = W x H "H^-b+e;, so this 
coefficient is well defined. 

We define the subscheme E = C A" as the common zero locus of the functions aj(p) 
for p > 1. We are going to check that it is a section for the action of 

Let 0,(> p) := ker(0i —> 0,;(p)). Also, for p > 1 let E p C A" denote the common zero 
locus of the functions a*(p') for 1 < p' < p — 1, so that Ei = X and E = fl p E p . 

We have a decomposition into a semi-direct product 

©,(> p) = 6i(> p + 1) xi F p+1 , 
where F p+ 1 = G a acts by U (->• ti + ct p+1 . 

We claim that 0j(> p)(E p ) C E p , the action of F p+1 on E p is free and S p+1 is a section 
for this Fp +1 -action. Indeed, note that under the change of variable 

g : ti i—>■ ti + ct p+ + ... 


we have 


t~ bi ~ p ' - (b t +p')ct^ +p - p ’ 


+ ... . 


Thus, under the action of the above element of 0*(> p) the functions a^p') with p' < p 
do not change, while the function a t (p) transforms by 

ai(p)(gx) = a i(p)( x ) - (bi + p)c. (1.4.3) 


This immediately implies our claim. 

Let us define for p > 1 the morphisms g p : X —> F p (where F\ = 0) and p p : A" —> E p 
inductively as follows. We set g± = 1 and p\ = idx- Assuming that g p -\ and p p _i are 
already defined, we define g p (x) and p p by 


g P (x) : U H- U + 


a i{P ~ l)(Pp-l( x )) p 
bi+p- 1 


p p : X X : x g p (x) ■ p p -i(x). 

Let us check that p p factors through the subscheme E p C X. By induction we can assume 
that p p _i factors through E p _i. Since F p preserves E p _i, this implies that p p factors 
through E p _i. Now using (1.4.3) we see that 


a.i(p - 1 )(p p (x)) = di(p - 1 )(g p (x) ■ Pp-i(x)) = 0, 


hence, p p factors through E p . 

We claim that any g G 0, such that g ■ x G E p , satisfies 

g = g p (x)... g 2 (x) mod 0, : (> P)- 


To see this we use the induction on p. Suppose this is true for p, and assume g is such 
that g ■ x G E p+ i. Replacing x by p p (x) = g p (x)... g 2 {x) ■ x and g by gg 2 (xy 1 ... .g p (x)~' 
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we can assume that x G E p . By the induction assumption, this implies that g G 0j (>p), 
and the assertion follows from the fact that E p+1 is a section for the free action of Fp +1 
on E p . 

Now we observe that the infinite product g(x) = ... gfix)gfix)g 2 (x) in 0* is well defined. 
Furthermore, for each p > 1 we have 

g(x) - x = ... g p+2 (x)g p+1 (x) ■ p p (x) G E p , 

hence, g(x ) • x G E. Together with the above claim this implies that E is a section for the 
0j-action on X. □ 


We can apply the above construction with X being the open cell SG a (and / the natural 
inclusion). 

Corollary 1.4.4. Let us work over Q. Fora = (oi,... , a n ) G X(g,n) let I a C {1,... , n} 
be the set of i such that a x > 0. Define 

E a C SG a 


as the closed subscheme cut out by the equations 

au[-ai - p, -ai\ = 0 (1-4.4) 

for allp > 1, i G J a . Then E a , which is isomorphic to an infinite-dimensional affine space, 
is a section for the action of the group on SG a . 

Proof. We take b = a in Proposition 1.4.3. Note that 7r a is an isomorphism over SG a by 
definition. Now the exact sequence (1.4.2) for i G / a gives an isomorphism 

'H>- a /'hL>-a+e i ® Ox ^ coker(7T a „ ei ) 

over SG a . Thus, we see that Proposition 1.4.3 is applicable to the action of 0,; on SG a , 
and we get that the subscheme Ef C SG a cut out by the equations (1.4.4) for all p > 1 
and given i G / a is a section for the action of 0,; on SG a . Since each Ef is invariant with 
respect to the action of 0j, for j i, using Lemma 1.4.2 we derive that 

s a = n, e/a Ef 

is a section for the action of Hie/a on D 

In the case when some of coordinates of a are zero (but not all, since we assume that 
9 > 1), we still get a section for the action of the full group 0 on SG a as follows. 

Proposition 1.4.5. Keep the assumptions and the notations of Corollary 1-4-4, and let 
us fix some io G / a . Then the closed subscheme E a, *° C E a , cut out by the equations 

o Mo [-l,0] - = ««[-!,p] = 0 for all i I a ,p > 1, 

is a section for the 0 -action on SG a . 

Proof. Note that for each i ^ I a the change of the parameter t, of the form 

ti i—>• ti + + ... 




i—^ t 


-i 


- dp* + .... 
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leads to the transformation 



Hence, for p > 1 it does not change the coordinates cxij[— 1, 0], au[— 1, —1 + p'}, 1 < p' < p 
and shifts au[— 1, —1 +p] by c. Also, for p — 1 this transformation shifts otij{— 1, 0] by —c. 
Now we can use the same argument as in the proof of Proposition 1.4.3. □ 

Let ASG = ASG{TL,g ) be the closed subscheme of SGi(g) consisting of W such that 
W ■ W C W (so that W is a subalgebra of TL). Note that the Krichever map lands in 
ASG. For a = (cq,... , a n ) G X(g, n) let us set 

ASG a := SG a n ASG. 

Note that the subschemes ASG and ASG a are preserved by the action of the group ©. 
Hence, we derive the following Corollary from Proposition 1.4.5 

Corollary 1.4.6. The closed subscheme TA' l °r\ASG C ASG a is a section for the (5-action 
on ASG a (over Q). 

The Krichever map (1.1.8) induces a morphism 

W-’ (oo) (a) — ASG a , 

compatible with the action of the group ©. Hence, using Lemma 1.4.2 we derive the 
following result, generalizing [17, Lem. 2.1.1], 

Corollary 1.4.7. Let us work over Q. The closed subscheme Kr _1 (A5'G D S a, *°) is 
a section for the (5-action on I4g,n^°°\ be., it is a section for the natural projection 
7C’ (oo) (a) —>■ lTgf n ( a). Hence, we have canonical formal parameters at the marked points 
on the universal curve C overUgf n { a). 

1.5. Marked and weakly marked algebras. In [17] we have shown that (1,... , 1) 
is isomorphic to the moduli space of marked algebras , which are algebras equipped with a 
filtration with some special properties. Here we generalize the concept of marked algebras 
to the case of any weight a G X(g, n ) and show that their moduli space has a natural 
interpretation in terms of the Sato Grassmannian. 

Let M a C (Z> 0 ) n be the submonoid consisting of m G (Z> 0 ) n such that either m > a 
or m = (0,... ,0). 

For a commutative ring R we define an i?-subalgebra 

C N C R[ui] © ... © R[u n ] 

as follows. Let ei,... , e n be the natural idempotents in R[ui] © ... © R[u n ]. Then Cn 
is spanned as an P-module by 1 = e\ + ... + e n and by the elements u™ G R[uf\ for 
i = 1,... , n, m > N. We view Cn as a graded i?-algebra, where deg(tq) = 1 for each i. 

Definition 1.5.1. (i) A marked algebra of type a over R is a commutative i?-algebra A 
equipped with an exhaustive M a -valued algebra filtration (F m A), such that F a = F 0 = R 
and the map m i —> F m A is a morphism of lattices, i.e., 

Fmin(m,m') A = F m A D F m 'A, A max ( m!m ')A = F m A + F m ’A. (1.5.1) 

In addition, for each n > a and each i — 1,... , n, there should be a fixed isomorphism 

Tn,i ■ F n+ei A/F n A —R, 
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such that the maps 

F n + ei A/F n A ® F n ' +e .A/F n /A —> F n+n i +2ei A/ F n+n / +e .A,. 

induced by the multiplication on A, get identified with the multiplication on R. 

(ii) Let us set Dx := e! + ... + e n G Z n , and for A" > 0 let us consider the subsemigroup 
M n C (Z> 0 ) n given by 

n k 

Mn := {A;Di + upe* | k > N, 0 < m* < — for i — 1,... , n}. 

i =1 

A weakly N-marked algebra over R is a commutative A-algebra A equipped with R- 
submodules F m A c A, for m G Mn, such that F m A ■ F m 'A C F m+m 'A and the lattice 
condition (1.5.1) is satisfied. We denote by ( F m A) m >N the induced filtration F m A : = 
F mDl A. In addition, there should be fixed an isomorphism of graded non-unital A-algebras 

gr>jv A = © F m A/F m _iA ~ C N ■ (1.5.2) 

m>N 

We impose the following two conditions on these data. First, we require that for each m > 
N the image of F mDl+ei A/F m A in F m+1 A/F m A gets identified with Ru )" +1 C (C N )m+\- 
Secondly, for each m > N let us denote by S m the set of elements s e F m A, such that 

s = s mod F m _i A e gr^) A C R n 

has components that are invertible in R. Then we require that if for some m o > N and 
some x G A, for each m > mo there exists s G S m such that xs G F mo A , then x = 0. Using 
the fact that S m ■ S m > C S m+m >, one can easily deduce from this that each S m consists of 
non-zero-divisors in A. 

A weakly marked algebra is a weakly Wmarked algebra for some N. 

An isomorphism of weakly marked algebras is an isomorphism A ~ A' compatible with 
structures of weakly A r -marked algebras for sufficiently large N. 

Lemma 1.5.2. A marked algebra A of type a over R, is naturally a weakly N-marked 
algebra, where N = max(ai,... , a n ). 

Proof First, using the lattice condition in the definition of a marked algebra, we get that 
for m > N one has 

n 

F m A/F m _iA ~ A( m _ 1 ) Dl+e . A/F m _iA ~ R n . 

i —1 

This gives an identification of gr > N A with Cat as A-modules. The compatibility of the 
isomorphisms (<p n ,i) with the product implies that this is an isomorphism of A-algebras. 
Next, suppose x G F n A is such that for each m > m 0 there exists s G S m such that 
xs G F mo A. If n = a then x G F a A = R , so the condition xs G F m _iA implies that x — 0. 
Suppose now that n > a. Then there exists i such that n — e* > a. Let x = x mod F n _ e . A. 
Then considering for s G S m with sufficiently large m the condition 

es G F mo A C F n ^. m j) 1 — ei A, 

we deduce that s t ■ x — 0, hence, x — 0. Thus, we get x G F n _ e ., and we can apply the 
induction to deduce that x — 0. □ 
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Given a weakly marked algebra A let us fix TV such that A is weakly TV-marked. Let 
us consider the localization K(A) := S~ 1 A, where 

S l—l m= Q or m>N 

with Sq = {1} and S m for m > TV is as in Definition 1.5.1. It is clear that S is multi¬ 
plicative. The elements of S are non-zero-divisors in A, so the natural homomorphism 
A —> K(A) is injective. Note also that S m ^ 0 for all m 3> 0, so the localization K(A) 
does not depend on a choice of TV. 

Next, we define a decreasing Z n -valued algebra filtration (■ G r K(A)) re z n on K(A) by 

G r K(A) := {- | a G s G S m for some m S> 0} 

(note that for any r one has mDi — r G Mm for sufficiently large m). We also set 
G r K(A) := G rDl K(A). 

At this point we are going to make a formal change variables t, = u~ l . Thus, we view 
each R[ui] as a subring in R.[U, tf { ). 

Lemma 1.5.3. Let A be a weakly TV -marked algebra. 

(i) Let r G Z n . For - G K(A), where s G S m , m > N and mD\ — r G M N , one has 
- G G r K(A) if and only if a G F mDl - r A. 

(ii) The filtration ( G r K(A )) on K(A) is exhaustive and Hausdorff. Also, for m G Mn 
we have 

G- m K(A) nA = F m A. (1.5.3) 

If in addition A is an a-marked algebra then (1.5.3) holds for m G M a . 

(in) There a is natural isomorphism of graded R-algebras 

n 

gi c f K(A) ~ 0 R[ti, tf 1 }, (1.5.4) 

i =1 

where deg(L) = 1. 

Proof (i) It is enough to prove that if s G S m and sa G F n+rn x >, A for n G Mn then 
a G F n A. We can use induction on k such that a G F^A. Since the leading term s is not 
a zero divisor in Gat, from the condition sa G G min (^. Dl n ) +mDl A we derive the existence 
of a' G F min ( feDl ,n) such that a = a' modF fc _!A. Now we replace a by a — a' and use the 
induction assumption. 

(ii) The fact that F,A is exhaustive immediately implies that U r G r K(A) = K(A). Next, 
(1.5.3) for m G Mm (resp., for m G M a if A is a-marked) follows easily from (i). Now to 
see that D r G r K(A) = 0, it is enough to prove that if x G A belongs to G r K(A) for all 
r > 0 then x = 0. From (i) we see that such a satisfies xs G F^A for any s G S m with 
m > N. By the definition of a weakly TV-marked algebra this implies that x = 0. 

(iii) For a given r G Z let us pick m > TV such that m — r > TV. For any s G S m and 
a G F m _ r A let us consider the elements s and a of 0” =1 R[ti, tf 1 ) defined by 

n n 

s := s mod F m _ \ A G Q^Rtf m , a := amodF m _ r _iA G Q^Rtf m+r . 

i=l i =1 
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By the definition of S rn , s has invertible coefficients with each t f m . Hence, s is invertible 
in ®r=i R[U, 1 ], so we can consider the fraction | e ®" =1 Rfj. It is easy to check that 
this construction gives a well defined map of A-modules 

n 

G r K(A)/G r+1 K(A)^Q)Rtl, 

i= 1 

which is in fact an isomorphism, and these maps are compatible with multiplication. □ 

Corollary 1.5.4. (%) Let A and A' be weakly marked algebras over R, such that A is 
weakly N-marked and A' is weakly N'-marked. Then any isomorphism f : A —>• A’ of 
weakly marked algebras satisfies (p(F m A) = F m A' for m e Mn fl Mw, and the induced 
isomorphism 

S r >max(JV,A r ') ^ — g r >max(jV,iV') ^ 

is compatible with the identifications (1.5.2). 

(ii) Let A and A! be a-marked algebras over R. Then any isomoprhism A ~ A! of weakly 
marked algebras is an isomorphism of a-marked algebras. 

Proof, (i) Note that the localization K(A) and the filtration G r K(A ) depend only on 
F m A for m > 0 (see Lemma 1.5.3(i)). Now using Lemma 1.5.3(h) we recover F m A for 
all m e Mat as the intersection of G- m K(A ) with A. This shows that <f>(F m A ) = F m A' 
for all meMjv fl Mn>. The isomorphism induced by 0 on g r > max (wv') ac t s as identity in 
degrees 3> 0. This easily implies that it acts as identity in all degrees. 

(ii) An isomorphism A ~ A' of weakly marked algebras induces an isomorphism K(A) ~ 
K(A') compatible with the filtrations G r . Since the filtrations F m are recovered from G r 
via (1.5.3), the assertion follows. □ 

For a weakly marked algebra A let us consider the completion 

K(Aj := lfm r K(A)/G r K(A) 

Then Lemma 1.5.3(iii) easily implies that there exists a noncanonical isomorphism 

n 

K(A) ~® R((U)), 

i =1 

compatible with the Z"-filtrations G r K(A ) and (®” =1 and with the isomor¬ 

phism (1.5.4). 

Let MA a (i?) (resp., WMA(i?)) denote the groupoid of marked algebras of type a (resp., 
weakly marked algebras) over R and their isomorphisms. Note that by Corollary 1.5.4, 
MA a (i?) is a full subgroupoid in WMA(i?). 

Proposition 1.5.5. (i) Let SA (TLr) be the set of R-subalgebras W C TLr, such that for 
some N > 0, one has H 1 (W(Np 1 + ... + 7Vp n )) = 0, i.e., TLr = W + TLr^-n- Let 
[SA("Hi?)/0(i?)] be the groupoid with objects SA {TLr) and morphisms given by elements 
of(5(R). Then the natural functor 

[SA (H r )/<8(R)] WMA(i?) 

22 



is fully faithful. 

(ii) The natural functor of groupoids 

$ : [. ASG a (R)/<S(R )] -G MA a (A), 
induced by the functor in part (i), is an equivalence. 

Proof, (i) Given a subalgebra W C Rr = 0" =1 R((ti)) in SA ('Hr), we define the structure 
of a weakly marked algebra on W by considering the filtration 

n 

F m W := W n ® (1.5.5) 

i —1 

where each rrp > N, with N large enough (note that for a weakly marked algebra structure 
we only need F m W for m G M N ). By assumption, F m W/F m _iW ~ R n , and this gives 
an isomorphism of gr > N W with Cn- To see that this defines a weakly marked algebra 

structure on W we need to check that if for some mo > N and some x G W, for each 

m > mo there exists s G S m such that xs G F mo W, then x = 0. But this follows 

immediately by considering the leading terms of the components of x in A( (£;)). 

We can view an action of g G 0 (R) as an automorphism of PLr, compatible with 
the filtration by the submodules F m = 0f =i tf mi R[[ti]\ and acting as identity on the 
associated graded algebra of the filtration (F rn ). Thus, if gW = W' then we have an 
induced isomorphism of weakly marked algebras W —> W'. 

Note that the localization K(W) can be viewed as an i?-subalgebra in PLr, since all the 
elements of S are invertible in the latter ring. Furthermore, it is easy to see that 

n 

G r K(W ) = K(W) n 

i —1 

Now Lemma 1.5.3 implies that the embedding of K(W ) into 0" =1 R((ti)) induces an 
isomorphism 

n 

KfW) — 0 R((U)) = U R , (1.5.6) 

2=1 

compatible with the embedding of W into K(W ) and into Rr. 

Given a subalgebra W C Rr and an element g G 0(A), let us consider the correspond¬ 
ing isomorphism (f) g : W —> W' = gW of weakly marked algebras. Passing to completions 
we get an isomorphism 

f) g : K(W) —>• KfW'), 
fitting into a commutative diagram 

K{W)^^Rr 
9 

K(W') -- Rr 
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This shows that g can be recovered from (f) g . 

Conversely, given an isomorphism of weakly marked algebras 0 : W — > W', for subalge¬ 
bras W, W' C Hr, we get an induced isomorphism 0 : K(W) —> K(W'). It corresponds 
via the isomorphisms (1.5.6) for W and for W' to an automorphism of Hr, compatible 
with the Z"-filtration (0” =1 f0A[[L]]), and inducing the identity on the associated graded 
with respect to the Z-filtration (0" = i t™R[[ti \]). Hence, this automorphism of Hr is given 
by the action of an element of g e 0. Since 0| w = 0, we see that g(W) = W'. 

(ii) The functor associates with W C Hr, the same W viewed as an algebra, with the 
filtration (F m W) m& M a given by (1.5.5) and with the isomorphisms coming from the 
standard basis of Hr. By part (i) and Corollary 1.5.4(h), the functor $ is fully faithful. 
It remains to check that it is essentially surjective. Let A be a marked algebra of type a 
over R. Let us fix some isomorphism K(A) ~ Hr, compatible with the hltrations G r and 
with (1.5.4). Then we obtain an embedding 

A ->• K(A) -> A04) ~ Hr. 

It is easy to see that A, viewed as a subagebra of Hr, gives an A-point of ASG a , that 
maps to A under <f>. □ 

Remark 1.5.6. Note that for any S = UjL, S t , where Z> 0 cSjCZ with |Si \Z> 0 | < oo, 
we have an inclusion 

U a ,inASG(R) C SA (Hr), 
where Usa is the open cell (1.1.5). 

1.6. Grobner bases. Recall that Grobner bases can be defined with respect to any 
complete order < on the monomials, which is admissible, i.e., satisfies 

a < b =>- ac < be, a < ab. (1.6.1) 

If < is such a complete order and deg is a nonnegative grading on the variables then we 
can define a new admissible complete order <d eg by 

a <d eg b if cither deg(a) < deg(5) or deg(a) = deg(6) and a < b. 

If we have two nonnegative gradings deg x , deg 2 then iterating this construction we obtain 
the admissible complete order <de gl ,deg 2 , where we first check whether deg 1 (a) < deg 1 (a), 
then whether deg 2 (a) < deg 2 (a) and finally in the case of two ties, whether a < b. 

Let A be a commutative ring, and let W C Hr = 0” =1 R((ti)) be a subalgebra, which 
as a subspace comes from an A-point of one of the open cells of SG. Let us set 

Di := pi + ... + p„. 

We make the following additional assumptions on W: 

(*) Assume that for some N > 0 one has i/ 1 (IT(AtDi)) = 0 and H Q (W(NDi))/R • 1 is a 
free A-module of finite rank. 

Then for each i = 1,... , n and each j = 0,... , N, we can choose an element 
hi(j) e H°(W ((1 + j)pi + A r D 1 )) such that h^j) = tmodH°(W((jpi + NDi))). 
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In other words, h t (j ) is required to have the pole of order exactly N + 1 + j in t, t and a 
pole of order at most N in all other tC s. Let us set /, = /q(0). Also, let l,gi ,... ,g r be 
an A-basis of H°(W(NDi)) which exists by the assumption (*). 

Proposition 1.6.1. The elements 

I [fii hi{j), gk)i= 1,... ,n,j= 1,... ,N,k= 1,... ,r 

generate the algebra W. Let us view W as the quotient of the polynomial algebra in 
fi, hi(j), g k , by an ideal J. Consider the ordering <d egl ,deg 2 on monomials in fi, /q(j), g k , 
where 

degi (hi(j)) = N + 1 + j, deg 2 (hi(j)) = °> deg^) = N, deg 2 (g k ) = 1 

(where j > 0 and fi = hi(0)), and < is the reverse lexicographical order for any ordering 
of the variables < such that deg 1 (a) < deg 1 (6) implies a < b. Then the corresponding 
normal monomials are 

fi\ frhi(j), g kt ( 1 . 6 . 2 ) 

with m > 0, i = 1,... , n, j = 1,... , N. The corresponding Grobner basis of J consists 
of elements of the form (written starting from the leading term) 

hi(j)hifj') - fihi(j + j') + terms( deg x <2N + 1+ j + j'), for j + j' < N, 
hi{j)hi(f) - ffhi(j + j' - N - 1) + terms(deg l < 2N + 1 + j + j'), for j + j' > N + 1, 
hifj)hi'(j') + Pi(< 2N + 1 + j) + Pi'(< 2N + 1 + j') + terms(deg 1 < 2N ), 
hi(j)fi> + Qi{< 2N + 1 + j) + Qi'(< 2N + 1) + terms(deg 1 < 2N), ( 

fifv + Ri(< 2N + 1) + Ri’(< 2N + 1) + terms( de gl < 2N), [ 

hi(j)gk + • • • , figk + • • • , gkgi + • • • , 

where i ^ i 1 , j > l, j' > 1, the expression terms( deg x < a) stands for a linear combi¬ 
nation of normal monomials o/deg 1 < a, and P*(< a),Qif< a),i?*(< a) are some linear 
combinations of normal monomials of the form fihi(j), hjfj), and fi with deg x < a. 

Proof. First, we claim that the monomials (1.6.2) form a basis W. Indeed, for each m > N 
let B rn be the subset of these monomials that have deg x equal to m. Since B 0 U = 
{1, < 7 i,... , g r } is a basis of H°(W(N D^), it is enough to prove that for each m > N + 1 
the elements of B m project to a basis of H°(W(mDi))/H°(W((m — l)Di)). Note that B rn 
consists of elements ffhi(j), where i = 1,... , g, such that m = p(N + 1) + N + 1 + j with 
p > 0 and 0 < j < N (where we use hf 0) = fi for j = 0). Thus, for each i = 1,... ,g 
there exists a unique monomial in B rn having the pole of order exactly m in ti and poles 
of order < m in other fj/’s. This immediately implies our claim. 

It is easy to see that (1.6.2) are precisely all the monomials that are not divisible by 
any of the initial monomials in (1.6.3). Thus, it remains to prove that the ideal J contains 
elements of the form (1.6.3), where the leading terms are bigger than the subsequent terms. 
In other words, we have to check that any initial monomial M in (1.6.3), viewed as an 
element of W, is a linear combination of smaller monomials among (1.6.2) of prescribed 
form. 

For the monomials of the form hi(j)hi'(j') (including the possibilities i = i' and j = 0 
or j' = 0) this is obtained by analyzing polar parts of the expansion of this monomial in 
t k - Note that for k ^ i,i' the order of pole in t k is < 27V, while for i ^ il the order of 
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pole in t l is < 2 N + 1 + j. In the case i = i' we also use the fact that the expansion of 
hi(j)h t (j') in ti starts with and find the matching normal monomial. 

In the remaining case when M is one of the monomials h % (j ), fagk or gugi, we have 
deg i(M) > N, so all elements of B m have deg 2 = 0, hence are smaller than M. □ 


1.7. Proof of Theorems A and B. First, we will work over Q. Then we will explain 
what modifications have to be made to work over Z[l/iV]. 

Recall that by Corollary 1.4.7, we have a morphism 

W™ (a) ~ Kt~\ASG n S a ’ io ) — ASG D S a ’ io , 

where £ a, *° is a section for the 0-action on SG a defined in Proposition 1.4.5. 

Note that ASG D X a, *° is an affine scheme, as a closed subscheme of the affine scheme 
S a, *°, although at the moment we do not know that it is of finite type. Let R be the 
corresponding commutative ring, so ASG D £ a, *° = Spec(-R). Let W C Hr be the 
subalgebra corresponding to the universal R-point of ASG D S a, *°. We are going to use 
the procedure of Section 1.6 to construct a canonical set of generators of the A-algebra 
W and an /i-basis of W consisting of normal monomials. 

Namely, let N be the maximal of the numbers op,... ,a n . Then the condition (*) is 
satisfied for W and the elements 

fi[-p], for i = 1,... , n, a,i < p < N, (1.7.1) 

where fi[—p] are given by (1.3.2), (1.3.3) (normalized by au[—p,0\ = 0), form a basis 
of H°(W(NDi))/R ■ 1. Similarly, for i = 1,... ,n and j = 0,... , N we set hi(j ) = 
fi[—N — j — 1] (and fi = hi( 0) = fi[—N — 1]). Thus, we are in the setting of Proposition 
1.6.1, with the elements (1.7.1) playing the role of ($*.). 

Therefore, the algebra W has the basis (1.6.2) as an P-module, and the Grobner basis 
of the ideal of relations between (/j, hi(j),gk) has form (1.6.3). Note that by Buchberger’s 
Criterion (see [4, Thm. 15.8]), if we write general relations of the form (1.6.3) and treat 
coefficients as indeterminate variables, then the condition that the normal monomials 
form a basis will give a system of polynomial equations on the coefficients. Thus, we 
have an affine scheme Sgb (where “GB 1 ' stands for Grobner bases) of finite type over Q, 
which parametrizes Grobner bases of this form. We are going to define a closed subscheme 
Sgb C Sgb by imposing additional equations on the coefficients in the relations (1.6.3) 
(in the case when all a, = 1 we considered such a scheme in [17, Lem. 1.2.2.]). Namely, 
we define Sgb inside Sgb by imposing the additional requirement for the relations with 
the leading terms ./)[—p]./) and ./) [~p \./)' to have form 

fi[~p]fi = h i(p) + A(< N + p) + Y,k^i 2N ) + terms(deg 1 < N), 
fi[~p]fi' = Bi,{< N + 1 + a. v ) + Bk (- 2iV ) + terms (deg x < N), ^ 7 ^ 

where i ^ i r , a>i < p < N, Ai{< a ) and Bi{< a) are some linear combinations of the 
elements hi(l) and /* of deg : < a. 
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The above construction defines a morphism of affine schemes AAGfl £ a, *° — y Sgb, and 
we claim that it factors through a morhism 

i : ASG n S a ’ io -> S GB . 

Indeed, the equations (1.7.2) follow from the fact that the expansions of ./); [—p] h (resp., 
fi[—p\fi') in tk with k ^ i (resp., k ^ i') have poles of order < 27V, while the expansion of 
fi[—p\fi in ti starts with tJ N ~ l ~ p (resp., the expansion of fi[—p\fi' in t# has pole of order 
ft TV T 1 T Oj/). 

Next, we are going to construct a morphism 



r '■ S G b ->• (a) 


(1.7.3) 

such that the compositions 




ZC(a) — 

ASG n S a ’ i0 — S gb ■ 

-"W 9 ”n( a ) and 

(1.7.4) 

ASG n s a ’ i0 

— Sgb — W“(a) ■ 

— ASG n s a ’ i0 

(1.7.5) 


are the identity morphisms. Since Sgb is an affine scheme of finite type, using Lemma 
1.7.1 below, this would imply that both maps 


i o Kr : U™ n { a) S G b and i : ASG D £ a ’ io S G b 

are closed embeddings that factor through each other. It would follow that 

U n g % ~ ASG n S a ’ io 

and that this is an affine scheme of finite type. 

To construct the morphism (1.7.3) we use the universal family over Sqb = Spec (Rgb), 
i.e., the algebra A G b over R G b , obtained as a quotient by the ideal generated by the 
universal Grdbner basis. Note that the basis of normal monomials (1.6.2) in our case 
gives the following .Rcs-basis of A G b'- 

f?, fThiti), fi[-p \, 

where m > 0, i = 1,n, j = 1,... , N, a,i < p < N. Let us define the increasing 
filtration ( F m A GB ) on A GB , by letting F m AGB to be the RcB-sub module spanned by the 
normal monomials with deg x < m. Any leading term among (1.6.3) is expressed in terms 
of elements with smaller or equal degq, hence F 9 A G b is an algebra filtration. We also 
have a M/y-valued filtration defined by 

Fkih+j: i miei A GB = Fk+ ^ R-ffh^j), (1.7.6) 

k<{p+l)(N+l)+j<k+m,i 

where 0 < rrii < k/N. We will see later that it defines a structure of a weakly TV-marked 
algebra on A G b- 

Let 7 Z(A G b) = © m >o F m A GB be the corresponding Rees algebra, and let T e 7 Z(A GB ) 
be the element of degree 1 corresponding to 1 G FiAqb- Note that T is a non-zero-divisor 
and IZ(Agb)/(T) — gr^ A G b , the associated graded algebra for the filtration F,A G b- 
We claim that 

Cgb '■= P f oj(7 Z(A G b) 
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is a flat family of curves over R GB , equipped with the natural marked points pi,... , p n , 
making it into an i?GS-point of U™ n ( a). 

Note that for m > N the quotient F m A GB /F m _iA GB has the basis (/f/q(j))j=i,...,n, 
where p > 0 and j, 0 < j < N, are unique such that m = p(N + 1) + N + 1 + j. Note 
also that in gr F A GB we have the relations 

hi(j)hi(j') = fihi(j + /), for j + j' < N, 

hi(j)hi(f) = f?hi(j + j' - N - 1), for j + f > N + 1, 

hiU) h i'(f) = h iU)fi’ = fifv = for i ^ i> - 

This easily implies the following identification of the truncated associated graded algebra: 

n 

&>n Agb — (J) -Rgb[mi]>v, (1-7-7) 

i =1 

where the variables Ui have degree 1. Therefore, the divisor D (T — 0) in C GB is 
isomorphic to Proj(0,' l =1 R G B[ui\), i.e., it is the disjoint union of n copies of the base 
Spec(-RGs)- Note that the algebra of functions on the complement to D is isomorphic to 
the degree 0 part of the localization TZ^Aqs^T -1 ], which is A GB , so we get an identification 
of i?<GB- a lg e t> ras 

H°(C gb \D,G) ~ A gb . (1.7.8) 


Let Fi,Hi(j) be elements fi,hi(j ) viewed as elements of F m A GB = lZ m (A GB ), where 
m is equal to deg x of the corresponding element of A GB . We define the marked points 
Pi,-- - , Pn, so that D = pi U ... U p n , and F t ± 0, H t {j) ± 0 at p % . 

As in the proof of [17, Thm. 1.2.4], we check that C GB is flat over R GB , the sheaf 0(1 ) 
on C GB is locally free, and the divisor D = (T — 0) in C GB is ample. 

As in the proof of [17, Thm. 1.2.4], we consider the affine open neighborhood of Pi in 
which F t and all Hi (j) are invertible. Then p t is the intersection of D with this open 
neighborhood, so 

U := TFi/Hiil) (1.7.9) 


generates the ideal of p t over this neighborhood. Since t t is a non-zero-divisor, we get that 
C GB is smooth over R GB near p % . 

Let us observe also that (1.7.7) implies that for any j > 0 the function ^ £ 

A(pi), has value 1 at p\. 

We claim that considering polar conditions near p±,... , p n we recover the filtration 
F m A GB on A gb = H°(C gb \ D,0), for m G M n (see (1.7.6)). For this we need to 
estimate the orders of poles of hi(j), j > 0, and of fi[p] at all the marked points. By 
symmetry, it is enough to consider the marked point p\. We use t\ = TF\/H\(l) as a 
local parameter at p\. We have for j > 0, 


h 1 (j) = H l (j)/T N+ '+i 


ff 1 (l) K + 1 +J 1 


As we observed before, the fraction is invertible at p \, so we get that the order of pole is 
exactly + 1 + j. 
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If G is a monomial of deg 1 = N, viewed as an element of FnAgb — T^n(A gb ), then 
GFf* / H\(1) N e A(pi) is regular at p 1 . This implies that 

G GF” N 
T N H^l)” 1 

has pole of order < AI at pi. Thus, any element fi[—p\ G Aqb has pole of order < N at 
Pi- 

Note that for i 1 the function f t /f\ = F,/ F\ vanishes at pi, hence, fi has pole of order 

< N at p\. Similarly, hi(j)/hi(j ) vanishes at pi, so hfj) has pole of order < N + j < 2N 
at p\. Thus, we deduce that all normal monomials of deg 1 < 21V, have poles of order 

< 2N at pi. Indeed, these are just the elements fi[—p] and hfj) for j < N — 1 (with 
possibly i — 1). 

Now let us check by induction on j that for i ^ 1, hi(j) has pole of order < N at pi. 

By (1.6.3), we have 

hi(j)fi = Qi(< 2N + 1 + j) + Qi(< 2N + 1) + terms(deg 1 < 21V), 

where Qi(< 2N+l+j ) is a linear combination of fi, hi(j') and fihfk) for 0 < k < j , while 
Qi(< 2N + 1) is a linear combination of h\ (f) and f\. Using the induction assumption 
we see that Qi{< 2 N + 1 + j) has pole of order < 2 N at p\. Hence, we derive that h*(j)/i 
has pole of order < 21V + 1 at p \, which implies that h % (j ) has pole of order < N at p \. 

The above information on the poles implies that the elements (./'f Ip (.))) with k < (p + 

1) (IVTl)Tj < k+m-i project to a set of generators of H°(Cgb, rriiPi)), provided 

0 < rn l < k/N for each i. Thus, we deduce that for each m = fcDj + e one 

has 

F m A CB = H°(C GB , 0(kD + ^ rrnpi)), (1.7.10) 

i 

where the left-hand side is given by (1.7.6). 

We need a more precise information on the poles of /)[—p]. Let us consider the first 
of the relations (1.7.2) for i — 1. As we have shown, the terms of deg x < N have poles 
of order < N at p \. The same is true for linear combinations of Ip. (j ) with k ^ 1, so we 
derive that /i[— p]fi — hifp) has pole of order < N + p at p\. Thus, fi[—p\fi has pole of 
order exactly N + 1 + p at p\, which implies that fi[—p\ has pole of order exactly p at 
p\. Similarly, considering the second of the relations (1.7.2) for i ^ 1, i' — 1, we see that 
fi[—p\fi has pole of order < N + 1 + op at pi, which implies that /)[—p] has pole of order 

< ai at pi. 

The above information on the poles implies that the elements (/*[—p]) project to an 
Rgb -basis of H°(Cgb , O(ND))/H°(Cgb, 0{a\pi + ... + a n p n )). Hence, we also deduce 
that F[°(C G b , 0(aipi + ... + a n p n ) = Rgb- 

Also, for m> N the isomorphism F m A G B — H°(Cgb, 0(mD )) shows that F[°(Cgb, 0(mD )) 
is a free i?GB- m °dulc of rank rnn — g + 1. Hence, we have a family of curves of arithmetic 
genus g with marked points satisfying the condition h 0 (O(aipi + ... + a n p n )) = 1. 

We define the family of tangent vectors at the marked points using the local parameters 
ti, ... , t n given by (1.7.9). Hence, we obtained an i? GB -point of U r ff n (a), i.e., defined a 
morphism r : Sqb —>■ ^n( a )- 
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Since ASG D S a, *° ~ ASG a /&, to check that Kr o r o i = id, by Proposition 1.5.5(ii), 
we need to show that the isomorphism (1.7.8) is compatible with the marked algebra 
structures on both sides. By Proposition 1.5.5(i), it is enough to show the compatibility 
with the weakly marked algebra structures on both sides. But this follows from the 
identification (1.7.10). 

Next, we need to check that r o i o Kr = id. Thus, starting with a family of curves 
(C,p i,... ,p n ) over a commutative ring R, with fixed tangent vectors at p t , defining an 
P-point of U™ n (a), we apply the morphism r to the algebra A = H°(C\D, O), viewed as a 
subalgebra of 0 . P((tj)), where t t are the canonical parameters at the marked points (see 
Corollary 1.4.7). Note that the corresponding Rees algebra 7 Z(A) (truncated in degree 
> N) can be identihed with 0 m>Ar H°(C, 0(mD)). Since D is ample, we have a natural 
isomoprhism 

C ~ Proj (77(A)), 

compatible with the marked points p*. Since the expansion of /j//q( 1) = /*[—N — 
1 \/fi[~N — 2] at pt has form /j//q( 1) = t t + ..., we get the compatibility with the 
tangent vectors at the marked points. 

This finishes the proof of Theorem A(i) and of Theorem B, working over Q. Let us now 
explain how to pass to Z[l/iV]. Recall that we needed to work over Q so that we could 
use the section £ a, *° for the 0-action on SG a and the corresponding canonical formal 
parameters at the marked points over Wy S n (a) (see Proposition 1.4.5 and Corollary 1.4.7). 
However, if we only keep track of finite jets of formal parameters and work with the 
Grassmannian of subspaces of 'H>-n/'H>n for large N, then it would be enough to work 
over Z[1 /N']. Now we observe that since the affine scheme Sgb is of finite type, we can 
define versions of the morphisms in (1.7.4), replacing ASG with the following truncated 
version for large enough N: we consider subspaces W C 'H>-n/R> 2 N such that 1 E W 
and 

W ■ W c (W+n> N )/n> N c n>- N /n> N . 

Then the entire argument above still works and we only need Spec^l/lV']) as a base. 
Next, we define the forgetting map 

for n+ i : Ug S n+1 { a, 0) -> U™ n (a) 

by associating with the universal curve ,p n +i ) over 7/”^ +1 (a, 0) the algebra 

H°(C \ {pi,... ,p n }, 0\ viewed as a marked algebra of type a. By Proposition 1.5.5(h) 
and the first part of the proof, this gives a family in Ug S n (a), hence the required morphism. 
Furthermore, we have a compatible map between universal affine curves coming from the 
natural homomorphism of filtered algebras 

H°(C\{pi,... ,p„})^/f°(C\{p,,... ,p„ +1 }). 

This proves Theorem A(ii). 

Finally, let us check that for any a' e X(g, n) the open subset 7/”^( a, a') is a dis¬ 
tinguished open affine in 7/™*( a). Indeed, U™ n (a, a') is the preimage of SG a ' under the 

Krichever map U™ s n (&) —> SGi(g). But SG a ' D SG a is the distinghuished open affine in 
SG a by Proposition 1.3.3(h), and the assertion follows. □ 
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We have used the following result. 


Lemma 1.7.1. Let S be a base scheme, X a stack over S, Y a separated scheme over S. 
Suppose we are given morphisms i : X —> Y and p :Y X over S, such that p o i ~ idx • 
Then i induces an isomorphism of X with a closed subscheme ofY. 

Proof. Consider the closed subscheme Z C Y given by the equation y = ip(y) (here we 
use separatedness of Y). It is easy to check that the morphisms i and p induce mutually 
inverse isomorphisms between X and Z. □ 


Remarks 1.7.2. 1. The Grobner basis of the ideal defining the algebra H°(C\{pi ,... , p n }) 
constructed in the above proof is often not optimal since it uses more generators than 
needed. In the examples with g — 1 considered in Section 3 we will get presentations with 
a smaller number of generators. 

2. Let us denote by Liff (a)' the stack of (C,pi,... ,p n , iq,... , v n ) such that if 1 ((7, 0(aipi + 

... + a n p n )) = 0 (but 0(pi + ... +p n ) is not necessarily ample). Let us consider the com¬ 
position 


c : (a)' ASG a /Q5 


1 ms 


(1.7.11) 


where the first map is induced by the Krichever map (1.1.8), while the second is the 
isomorphism of Theorem B. The map c sends a curve (C,p,,v.) to the curve (C,p,,v,), 
where 

C = Proj (© H°(C, 0(N(p l + ... +p„)))). 

N 

Note that the natural map C —> C is an isomorphism near pi,... ,p ni so we have the 
induced marked points on C and the tangent vectors at them. One can check that there 
is a similarly defined morphism 


7 /r,(oo) 


—>■ 


7/0 (°o) 
g,n 


(■ C,p.,t .) !->• (■ c,p.,t .), 


such that 0(pi + ... + p n ) is ample on C and 


Kr (C,p„t.) = Kr (C,p„t,). 

3. If (C, Pi,-- - , Pn, v u • • , v n ) is a curve in U™ n { a) and {C, q lt ... ,q m ,w i,... , w m ) is a 
curve in Ug, s m { a'), such that the weights of the last marked points a n and a' m are both 
zero, then we can glue C and C’ by identifying p n and q m in such a way that we get 
a node on the glued curve. It is easy to see that the glued curve C with the marked 
points pi,... , Pn—i, qi, ■ ■ ■ , q m -1 satisfies ^(O^pi + ... + p n -1 + qi + ... + q m - 1 )) = 0, 
however, it may happen that it has irreducible components without marked points. We 
can contract them by applying the map (1.7.11). The obtained curve, equipped with the 
tangent vectors induced by iq,... ,v n -i,wi,... , w m _i defines a point of Ugf g , n+m _ 2 (h), 
where b = (aq,. .. , a n _ i, a \,... , a! m _f). Applying this procedure to the universal curves, 
we get a morphism 

M” (a) x W s r m (a') ^ W” s>+m _ 2 (b). 
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2. More on the moduli schemes U™ n { a) 

2.1. Some special curves. Everywhere in Section 2 we work over Q. 

First, we are going to construct some special singular curves corresponding to points 
of Ug S n ( a). The cuspidal curves from the following definitions will appear as irreducible 
components of some of our special curves. 

Definition 2.1.1. For each g > 0 let us denote by C cusp (g) the following rational cuspidal 
curve. The underlying topological space is P 1 , and the structure sheaf of C cusp (g) is the 
subsheaf of Opi consisting of all functions / such that near 0 6 P 1 one has / —/(0) G m 9+1 , 
where m is the maximal ideal in the local ring of 0. Note that for g = 0 we have 
(7 cusp (0) = P 1 . 

Without loss of generality let us assume that the weights a = (cq,... , a n ) satisfy a, > 0 
for i — 1,... , r, and a* = 0 for r < i < n. 

Definition 2.1.2. Let xi ,... ,x n be independent variables, and let A; be a field. First, 
we define a subalgebra in ®' =1 k[xi\ by 

r 

B = B(a,i ,... ,a r ) k ■ 1 + (J) x“ i+1 k[xi\. 

i= 1 

Next, let (hj)j =r+ i, n be a collection of elements in 0' =| Xik[xf\/{xfi +1 ) with the property 
hjhf = 0 for j j'. Now we define A(h .) as the 5-subalgebra in 0" =1 k[xf\ generated by 
the elements hj = Xj + hj, j — r + 1,... ,n, where we lift each hj to a sum of polynomials 
of degree < a* in x t with no constant terms. 

We equip the above algebra A(h .) with the M a -valued filtration 

n 

F m A(h m ) = A(h m ) n (J) k[xi]< mi , 

i= 1 

where k[xj\<d denotes the space of polynomials of degree < d. We denote by lZ(A(h ,)) 
the Rees algebra associated with the filtration F m A{h .) = F m x> l A(h,). 

Proposition 2.1.3. (i) The algebra A{h .) with the above filtration extends to a structure 
of a marked algebra of type a. Hence, the curve 

C(h.) :=Pioj(K(A(h.))) 

defines a point ofUff n (&). 

(ii) The curve C(h .) is the union of n irreducible components C iy joined in a single point 
q, which is the only singular point of C(h m ) (with p, £ C t \ {q}). The components C % 
corresponding to i > r are all isomorphic to P 1 . The component Ci associated with i < r 
is the irreducible rational curve given as Proj of the Rees algebra of the subalgebra in k[xf\ 
generated by @ xfi +1 k[xf\ and by the ith components of hj, ( hj)i = Y^=i c ji{p)x P i, for 
j — r + 1,... , n. Furthermore, for i — 1,... , n the canonical formal parameter at p * e Q 
(see Corollary 1-4-V is given by xf 1 (for any choice of i 0 < r). 
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(in) The algebra A(h .) has the following description by generators and relations: gener¬ 
ators hi(m ) = x°) i+l+m , for i — 1,... , r, m — 0,... , a^; hj, for j — r + 1,,.. , n, and 
relations 

hi(m)hi'(m') = 0, 
hi(m)hi(m') = hjfm + m')hjf0), 

CL-i 

hifnTjhj = 'YjC ji {jp)h i {m + p), (2.1.1) 

P= 1 
r 

h j h j' = YlYl Cji{p)c r> i{^)hi{m) forj^f, 

i= 1 m>0 pjp'^ljp+p^ai+l+m 

where i ^ i', j ^ j', i,i' < r, j,f > r, and we set hi(m ) = hjfm — a, — l)/q(0) for 
Ui + 1 < m < 2a,;. 

Proof (i) Let us consider the ideal I = ®[ =1 x“ i+1 A;[a: i ] C A(h,). It is easy to see that we 
have an exact sequence 

0 -G / -G A(h.) — B' ->■ 0, 

where B' — k ■ 1 + ®" =r+1 XjfcjXj] C ®" =r+1 /c[xj], the map p >r is induced by the natural 
projection ®" =1 k[xf\ —* ®J =r+1 k[xf\. Furthermore, since p >r (hf') = x™ for m > 0, it 
follows that for any m > a we have an exact sequence 

0 ->• I<( mi ,...,m r ) ->■ F m A(h .) ->• -B<( mr+1 ,..., m „) 0) (2.1.2) 

where 5<(„, r+1 mn ) consists of (/j) G such that deg(/)) < rrij, and similarly for 
f<(mi,...,m r )- The exact sequences (2.1.2) easily imply that we indeed have a structure of 
a marked algebra on A{h 9 ). 

(ii) Let us consider the affine curve C a B = Spec A(h t ), which is dense in C(h .). By 
definition, we have a surjective finite morphism UjLjA 1 —y C a B corresponding to the 
embedding of A(h,) into ®" =1 k[x,]. Hence, C a B is the union of n irreducible components 

} where the ring of functions on is the image of the projection A{h .) —> k[xj\. 
This implies the assertion about the irreducible components C\. For i = 1,... ,r, the fact 
that the canonical formal parameter at p, is induced by xf 1 , follows from the fact that 
for each m > aj + 1 the element x™ extends to a regular function on C a **. For j > r 
the identification of the canonical formal parameter at p 3 follows from the fact that hj is 
a regular function on C a ** , such that hj\ r aff = x 3 and the expansion of hj in x, has no 
constant term for any i — 1,... , r. 

(iii) It is easy to check that equations (2.1.1) hold in A{h ,). The fact that these are 
defining relations follows from the fact that A(h .) is a marked algebra of type a. □ 

Examples 2.1.4. 1. If we take all hj to be zero then the corresponding algebra is 

n n 

B(ai,... ,a n ) = k - 1 + (J) x“ i+1 k[xi] C (J) k[xi\. 

i=l i= 1 
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The corresponding curve is the pointed transversal union of the cuspidal curves C' cusp (a.j): 

C cusp (a) := U” = iC ,cusp (a i ), (2.1.3) 

where we identify the origins in all C cusp (a t ), and take the infinity on each component 
to be the marked point. Note that by Proposition 2.1.3(h), all the coordinates aij\p,q] 
vanish at the corresponding point of Ugf n { a). 

2. In the case ai — ... — a r — 1 the elements h r+ 1 ,... , h n can be arbitrary linear 
combinations of X \,... ,x r . For i = 1,... , r, the irreducible component is isomorphic 
to the cuspidal curve C' cusp (1) if and only if ( hj)i = 0 for all j > r. Otherwise, Ci ~ P 1 . It 
is easy to see that the points in the moduli space lAf s n (1,... ,1,0,... ,0), corresponding to 
these curves, are invariant with respect to the action of the diagonal subgroup G m C G™ . 

3. In the case g = 1, r = 1, cq = 1, n > 3, if we take h 3 = x\ for j — 2,... ,n, then 

the equations (2.1.1) give hjhji = /q(0) for 2 < j < j' < n and hi(fS)h 3 = /q(l), hence, 
h 2 ,... , h n are generators of the corresponding algebra, and the only equations on them 
are that the products h 3 hj >, where j ^ j', do not depend on the pair and that 

hjh 2 -, = hjhji (the latter equations are superfluous for n > 3). In other words, we get 
precisely the elliptic n-fold curve (see [21, Sec. 2], [11, Sec. 1.5]). Similarly, in the case 
g = 1, r = 1, ai — 1, n — 2, and h 2 = X\ we get h\ (0)/i 2 = /q(l), so /?i(0) and h 2 are 
generators with the only relation h\(0)hj = /ii(0) 2 , which is the equation of the tacnode, 
i.e., the elliptic 2-fold singularity. 

2.2. The G^-action on W”® (a). Below we freely use the identification of Ugj n ( a) with 
the closed subset S a, *° D ASG of the open cell SG a in the Sato Grassmannian (depending 
on a choice of i 0 such that a io > 0). In particular, we view the coordinates a l3 [p, q] (see 
(1.3.3)) as functions on Ugj n { a). 

Recall (see [17]) that the moduli space Ug S g ( 1, • • • ,1) can be viewed as the deformation 
space of the singular curve C cusp (l,... ,1). that corresponds to the unique G^-invariant 
point of the moduli space. Furthermore, this curve is the limit of the G m -orbit through 
every other point of U™ g ( 1,... ,1) with respect to the diagonal subgroup G m C G^. 

In this section we will show that a similar picture holds for arbitrary a G X(g,n) with 
an appropriate choice of a subgroup G m in G^. 

The functions a l3 \jj, q\ on ligj n { a) are semi-invariant with respect to the G”-action, with 
the weights 

wt(otij\p, q\) = -pe.i + qe 3 , p < -a { - 1 ,q> -a 3 . 

Let us denote by fl a C Z n the set of these weights. 

Definition 2.2.1. For n > 1 we define C a C R n to be the closed cone generated by all 
the vectors cUy = (a* + l)e* — aje 3 , with % ^ j, i.e., the set of all linear combination of u l3 
with coefficients in R> 0 . In the case n — 1 (and a = (g)) we set C a = R>o- 

Lemma 2.2.2. The cone C a contains all the basis vectors e.,. Hence, we have fl a C C a . 
In the case when a* > 0 for at least two indices i the cone C a is generated by the vectors 
Uij such that i ^ j and aj > 0. In the case when aj = 0 for all j ^ 1, i.e., a = gei, the 
cone C ei is generated by ex and by the vectors ojh, for i = 2,... ,n. 
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Proof. The first assertion follows from the equality 


(oj + l)c Oij + CLjUJji — (1 + Oji + oq)ej. (2.2.1) 

For the second assertion let us denote by the cone generated by uj t j with i j and 
dj > 0. To see that = C a it is enough to check that contains all the basis vectors 
ej. In the case when a* > 0 for at least two i, (2.2.1) implies that this is true for each i 
such that a* > 0. Hence, applying (2.2.1) to a pair ( i,j ) such that a* = 0 and a 3 > 0 we 
see that it is also true for i such that a* = 0. The assertion about generators of the cone 
in the case a = e x is straightforward. □ 

For a given a e X(g, n ), let us set 


N= max (go), 

l<i<n 


Wi = 


m ’ 


1 + AM 


at > 0 
a, = 0 . 


i = 1,... , n. Let also t be the linear function on W l given by £(e*) = wy. 


Lemma 2.2.3. (i) For any i,j one has £(oJij) > jj. Hence, the set fl a lies in the half-space 

i > 0 . 

(ii) There are no global G^-invariant functions onlFfff a). 

Proof, (i) This is immediate from the definitions (note that -L < 1 since at least one a* is 

(ii) This follows from the fact that any function on lig S n { a) is a linear combination of mono¬ 
mials in coordinates a t3 [p, q] , and that any nonconstant monomial in these coordinates 
has G”-weight in the half-space £ > 0 by part (i). □ 

Let us consider the embedding 


rw : G m <G” : A i-» (A™ 1 ,... , X rWn ) 


given by the multiples of the weights Wj, where we choose a rational number r > 0 so that 
(rwi,... , rw n ) are coprime integers. 

Proposition 2.2.4. The moduli scheme Uff n { a) has a unique rw(G m ) -invariant point, 
namely, the curve C cusp (a) (see (2.1.3)^1. The closure of the rw(G m )-orbit through ev¬ 
ery point in W”® (a) contains the invariant point. Thus, the corresponding curve can be 
degenerated to C cusp (a). 

Proof. By Lemma 2.2.3(i), all the coordinates a t] [p, q] have positive weight with respect 
to the subgroup rw(G m ). Hence, there is a unique rw(G m )-invariant point, namely, the 
point where all these coordinates vanish, and it belongs to the closure of every orbit. □ 
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2.3. Generators of the ring of functions on Ug S n ( a). The set of coordinates (otij(p, q]) 
is superfluous: one can express some in terms of the others. In this section we find a more 
convenient (infinite) subset of these coordinates that still generate the ring 0(Uf s n { a)). 
We will later use this generating subset in analyzing the GIT stability for the G™ -action 

on ^O a )- 

In the next result we normalize 0]) by aa[p, 0] = 0. 

Proposition 2.3.1. The coordinates 

{au[p, 1] | p < -at - 1, a t > 0} and {ay,[p, q]) \ p < -a * - 1, -aj < q < 0} 

(2.3.1) 

(where i and j don’t have to be distinct), generate the ring 0(lAf( n ( a)). 

Let A C 0{Ug) n (si)) be the subring generated by (2.3.1). 

Lemma 2.3.2. For m > 1, ml > 1, i f j, one has 

fi[~ a i - m]fj[-aj - m'] = ^ c Kq f k [q] + C, (2.3.2) 

k,q<—ap. — l 

where C is a constant, and the coefficients c k , q for k i,j belong to A. Also, for l > 1 
we have 

Ci-m-i = OLji[-cij - rri, m - /] mod A, cj- aj -i = QHj [-a* - m, m! - 1} mod A. 
Similarly, for m > 1, m! > 1 one has 

fi[~a% - m]f i [-a i - mf] = ^ c k,gfk[q] + C, (2.3.3) 

k,q<— 0 ,^ — 1 

where c k , q G A for k f i, and 

Ci- ai _i = au[—ai — m !, m — l\ + aa[— a* — m, m! — 1} mod A. 

Proof. We will only consider the case i f j] the case i — j is similar. It is enough to 
choose coefficients c k>q in such a way that the difference 

fi[-ai ~ m]f j [-a j - m!] - ^ c Kq f k [q] 

k,q<—ak~ 1 

belongs to H°(C, Offfa k pk))- Since f k [—a k — l] has poles of order < a k > for k! f k and 
has expansion tf ak ~ l modtf ak+1 k[[t k ]] at p k , we see that we can take c k - ak -i to be the 
coefficient of tf ak ~ in the expansion of _/)[—a* — m]fj[—aj — mf]. For k i,j we have 

Ck,—a k —i ^ kn, (i j m , q ], 

q,q'>-a k \q+ q '=-a k —l 

which is in A since q and q' are in [— a k , —1]. For k = i we have 

Ci-ai-i = ocji[—aj - m', m — l\ + ^ - m, q]aji[-aj - m', q 1 ], 

q , q ’>-ai\q+ q '=-ai-l 

and it remains to observe again that q and q' are in [—Oj, —1]. □ 
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Proof of Proposition 2.3.1. 

Step 1. For a* > 1 one has ay,[p, g] G A. We will prove by induction on m + / that for 

m > 1, l > 1 one has cxa[— a, — m, Z] G A. In the case when l < 1 this holds by the 

definition. Assume that the assertion is true for ml + 1' < m + l. Consider the expression 
(2.3.3) of ff—a.i — m]fi[—CLi — l ]. Then the coefficients of all nonconstant terms belong to 
A by Lemma 2.3.2 and by the induction assumption. Now considering the coefficients of 
t~ ai and t~ ai+l we get 

aa[—.di — m, l] = — au[— a* — Z, m\ mod A, 

au[— at — m,l + 1] = —Q>a{—ai — l, m + 1] mod A. 

Combining these conditions we derive that for l > 1 one has 

au[-ai - m, l] = au[-ai - m - 1, l - 1], 
which implies by induction on Z that (%[—a* — m, l] G A. 

Step 2. If for some i j, such that a* > 0, and some m > 1, one has ay,[p, m!] G A for 

m' < m and all p < —ai — 1, then ajf—aj — m, q] G A for all q > —a t . 

Indeed, for q < 0 this holds by definition, so we may assume that q > 0. Let us 
consider the expression (2.3.2) for the product /)[—a* — q]fj[—a,j — m\. By Lemma 2.3.2, 
the coefficients of fk\p\ for k i,j are in A, while the coefficient of /_,•[— a,j —l] is ap[—a* — 
q,m — Z]modA, which is also in A by assumption. Since the elements fi[q'] all have 
zero coefficient of t~ ai by the definition of E a , we deduce that the coefficient of t~ ai in 
/j[—dj — q\fj[—a,j — m] belongs to A. But this coefficient is equal to 

~ m i o\+ a ii[~ a i ~ Q, Q.i]otji[-aj - m, q 2 \, 

and our claim follows. 

Step 3. Now let us prove by induction on m > 0 that for i ^ j, such that a n 0, 
one has m] G A and ajf—dj — 1 — m, q\ G A for all p < —a* — 1, q > —a*. The 
base of induction follows from Step 2 (applied to m — 1). Suppose now that m > 1 and 
the assertion is true for m! < m. It suffices to check that ay,[—— m', m\ G A. The 
second assertion would follow by applying Step 2 again (to m + 1). Let us consider the 
product fi[—di — m']fj[—dj — m]. By Lemma 2.3.2 and by the induction assumption, the 
coefficients of the nonconstant terms of the expansion (2.3.2) of this product depend only 
on elements of A. In the case when dj > 0 we deduce that the coefficient of £ ■ aj in the 
expansion of /([—a,; — m']fj[—dj — m] belongs to A. But this coefficient is equal to 

aj 

a ij[~' a i ~ m> , m } + a ij[—' a i ~ m> i —k\ a jj[~ a j ~ m 7 ~ a j + &]■ 

fc=l 

Hence, we derive that ap [—a* — m', m] G A. In the case dj = 0 we need the constant term 
C in the expression (2.3.2) of /([—a,; — m!]fj[—m\. Looking at the constant term in the 
expansion in t tJ we see that 

C = di + mf] + a.j — m, q]aji[—m, —q] mod A. 

—<H<q<ai 
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Note that by Step 2 we have au[—di — m,q] G A for q < a i: while aiji[—m,q'] G A by 
the induction assumption. Hence, C G A. Then looking at the constant term in the 
expansion in tj, as above we deduce that a l j[—a l — m' ,m\ G A. 

Step 4. Thus, we proved that whenever i ^ j, and either a* > 0 or a 3 > 0, then one has 
ctij\p, q] G A. Assume now that a, = dj = 0 for some i ^ j. Let io be such that di 0 ^ 0. 
We prove by induction on m + /, where m > 1, l > 0, that £%[— m, l] G A. The base case 
m — 1, l — 0 is clear. Assume the assertion holds for m! + V < m + l. We can assume 
that / > 0, otherwise the assertion holds by definition. Consider the expression (2.3.2) 
of fi[—Tn]fj[—l]. Then the coefficients of all nonconstant terms belong to A by Lemma 
2.3.2 and by the induction assumption. Looking at the expansion in t lQ and using the 
previously proved case we see that the constant coefficient also belongs to A. Now looking 
at the constant coefficient in the expansion in tj we derive that oiij[—m,n] G A. 

Step 5. Assume that a n — 1 and that for some m > 1, l > 1 one has olu[— 1 — m', l'] G A 
for m! + V < r. Then 

au[-l - m,l] = -oiu [-1 — l, m\ mod A, , . 

Oiii[— 1 — m, l + 2] = — an[— l.;*— Z, m + 2] mod A. \ > 

Indeed, as in Step 1, we observe that the coefficients of nonconstant terms in the expression 
(2.3.2) of fi[— 1 — m]fi[— 1 — l] belong to A by Lemma 2.3.2 and by the assumption. Now 
the assertion follows by considering the coefficients of t” 1 and t, in /)[— 1 — 1 — l] 

(and using the fact that ayi[p, q\ G A for j ^ i). 

Step 6. By the previous step, we immediately see by induction in m > 1 that for a t — 1 
one has au[—2,m\ G A (using the first of the congruences (2.3.4)). Next, we will prove 
that for = 1 one has aa[— 3, q\ G A. First, using the previous step we easily derive that 
au[—3, 3] and otu\— 4,2] are in A. Then applying Lemma 2.3.2 we find that 

fi[— 2] 2 = fi[— 4] + d + ... , 
fi[~2]fi[— 4] = /;[—6] + an[— 2, 2]/j[—2] + b + ... , 
fi[~ 3] 2 = /<[-6] + 2a«[-3, l]/i[-2] + c + ... , 
where the skipped terms are linear combinations of fj\p], j ^ i, with coefficients in A, 
and the constants a, 6, c satisfy 

d = 2a ii [— 2,2] mod A, b = au[— 2,4] + au[— 4,2] mod A, c = 2au [—3,3] mod A. 

Thus, by the previous work, we have a, b, c G A. Since the expansion of 2] in t* has 
coefficients in A, we derive that the same is true for _/)[—4] and for /)[—6] (using that 
aji\p, q] G A for j ^ i). Therefore, the expansion of /*[—3] 2 in t t has coefficients in A, and 
hence, the same is true for 3]. 

Step 7. Applying Step 5, we see by induction on m > 1 that for a t — 1 one has 
a,i{—rn, 2] G A (using the first of the congruences (2.3.4)). Next, let us prove by induction 
on m + / that aa[— 1 — m,l\ G A for m > 1, l > 1. Assume this is true for vn! + V < m +1. 
Then applying Step 5, and combining the resulting congruences (2.3.4) we derive that for 
l > 2 one has 

aa[— 1 — m, l} = aa[— 1 — m — 2, l — 2], 

Since we already know that au\p,l],au\p,2] G A, this implies by induction on l that 
an[—di — m, l] G A. 
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Step 8. Finally, assume that a* = 0 and let us prove that atu[—m,q\ G A by induction 
on m > 1. In the base case m — 1 we have aa[—l,q] = 0 for q > 0, by the definition of 
the section £ a, *° and since we normalized the coordinates by ctu\p, 0] = 0. Assume that 
aul—m', q\ G A for m! < m. By Lemma 2.3.2, we have 

m— 1 

+ 1] = fi[~m\ + ^ c-ifi[-l] + C + ... , (2.3.5) 

i=i 

where c_; G A and the skipped terms are linear combinations of fj\p], j ^ i, with 
coefficients in A. Looking at the constant term in the expansion in ti and using the 
induction assumption we see that C G A. Hence, we can use (2.3.5) to find the entire 
expansion of ./) [—rn] in t*. □ 

In the next Lemma, generalizing [17, Lem. 2.3.3(i),(ii)], we show how certain Brill- 
Noether loci in Wg S n (a) are cut out by vanishing conditions for appropriate coordinates 
aij\p, q] with — aj < q < — 1 (which are among the coordinates (2.3.1)). 

Lemma 2.3.3. Let D = )T7 a.iPi. Fix j such that aj > 0 and i such that i ^ j (so n > 1). 
Then for m,m' > 1, such that rn’ < aj, the locus in LCff n ( a) given by the condition 
h°(D + mpi — m'pj ) > m + 1 (equivalently, = m + 1) for 1 < m! < m, is cut out by the 
equations 

a ij[P: q\ — 0 for — at — m < p < —a* — 1, — aj < q < —aj + m! — 1. 

Proof. Since h°(D + mpf) — m + 1, the equivalent condition describing this locus is 

Ff°(D + mpi — rripj) = Ff°(D + mpf). 

In other words, every element of Ft 0 (D + mpi — m!pj) has to have a pole of order < aj —rn! 
at Pj. Now the equations are obtained by writing this condition on poles for the basis 
(/M —ai—m<p<—ai — 1 of H°(D + mpi)/(l). □ 

The next result (which is an analog of [17, Lem. 2.3.3(iii)]) will be useful in the analysis 
of GIT stability conditions for the G^-action on U.™ n (a) (see Section 2.4). 

Lemma 2.3.4. Let ( C,p \,... ,p n ) G Ugf n (a) be such that C is smooth. Then for each 
i G [1 ,n], such that ai < g, there exists j G [1 ,n\, m > 1 and q G [— aj,— 1] such that 
a ij[— a i — rn, q] ^ 0. If ai = g then there exists m > 1 and q > —g, q ^ 0, such that 
au[-ai — m, q\ j^O. 

Proof. Otherwise, we would have h°((aj + m)pi) = h°((aj + m — l)p*) + 1 for every m > 1. 
In other words, h 1 (a*pj) = h 1 ((a i + l)pi) = ... = 0. But this is possible only if a* > g. 
In this case a.; = g (and aj = 0 for j ^ i). Now let us consider the image ( C,pi ) of 
(C,p\,... ,p n ) under the forgetting map 7/”* (a) —> Uff^g). The point of Uff^g) where 
all coordinates vanish corresponds to the singular curve C ,cusp (a) (see Example 2.1.4.1), 
hence, there exists a nonvanishing coordinate au[—ai — m, q\. □ 
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2.4. GIT quotients of U g s n ( a). In this section we work over an algebraically closed field 
k of characteristic zero. 

We can view any element y £ Z n as a character of G”. The corresponding GIT quotient 

of ^n( a ) is 

(a) //* G" := Proj ( 0 (a), 0) x „ 

\p>0 



where the subscript y p denotes the subset of functions / such that (A )*/ = y(A) p / for 


A G G”. 

As in [17, Sec. 2.4], we are going to show that many of the GIT quotients of our 
affine moduli schemes U g f n {a) by the natural G”-action provide birational models of M gn . 
Furthermore, we will describe one chamber of characters y where every point of U g s n ( a) 
with a smooth curve C is y-stablc, and show that the corresponding GIT quotient is 
the coarse moduli space of a modular compactihcation of A4 g , n in the sense of [20] (see 
Corollary 2.4.2 below). 

For a full-dimensional cone C we denote by int(C) its interior. 


Theorem 2.4.1. (i) For any weight \ G Z” the GIT quotient U g f n (a) / is a projective 
scheme over k. For y jL C a this GIT quotient is empty. Assume that y G C a (resp., 
X G int(C a )). Then for any smooth curve C of genus g and for generic points Pi, ■ ■ ■ , p n 
the point (C,pi, ... ,p n ,v i,... , v n ) G U. g f n { a) is x-semistable (resp., y -stable). 

(ii) Let C 0 C C a be the subcone generated by all the vectors e*. Assume that y G int(C 0 ). 
Then any ( C,p \,... ,p n ,v i,... , v n ) G U g f n { a), with C smooth, is x-stable. Furthermore, 
for such x every x-semistable point is y -stable and the notion of semistability does not 
depend on y, and hence the GIT quotient U g f n (a) // G” does not depend on y. 

(in) For any a, a' G X(g,n), the geometric quotient U g ( n ( a, a')/G” is isomorphic to a 
distinguished open affine subset ofU g f n (a ) / G^ for 


X Xa,a' 



ej G C a n z n . 


Proof, (i) The argument is similar that of [17, Prop. 2.4.1 (i)]. Lemma 2.2.3 implies 
projectivity of all the GIT quotients. The fact that the weights of all the coordinate 
functions a l3 [p, q] belong to C a (see Lemma 2.2.2) implies that the GIT quotients are 
empty for y jL C a . 

Let O' C O a be the set of weights w tJ , where i f j and Oj > 0, together with the weight 
e,; for a,i = g (when such i exists). By Lemma 2.2.2, the weights from O' generate C a . 

Thus, by [17, Lem. 2.4.1 (i) (ii)], it is enough to prove that for every u G O' there exists 
a function f u of weight ca, which does not vanish at a generic smooth curve. In the case 
when all a* < g we can take / Wj . to be the coordinate a tg [—a t — 1 ,—af\. Indeed, since 
a.,- > 0, the condition ay,[—a* — 1, —af f 0 is equivalent to h°(C,D + pi — pf) = 1, where 
D = Yhi a iPii ( see Lemma 2.3.3), so it holds generically. In the case when there exists i 
such that ai = g and all other aj = 0 we use the fact that there exists atu\p, q] with q f 0, 
which does not vanish at a smooth curve (see Lemma 2.3.4). 
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(ii) Again the argument is similar to that of [17, Prop. 2.4.1(h)], Let (C,pi,... ,p n , Vi ,... , v n ) G 
W“( a ) with C smooth. By Lemma 2.3.4, for each i G [l,n] there exists a coordinate of 
weight £* G Z n , which is either a positive multiple of e* or has form pe, : + qej for some 

i 7 ^ j, where p > a,i + 1, — a g < q < — 1. Let us rescale the basis e* as follows: 

/I j a j o^ 0 , 

e ; = —e * = i jv _ 

Then in terms of the new basis we have that £* is either a positive multiple of e' or has 
form = xe' + ye'-, where x > 1, — 1 < y < 0. By [17, Lem. 2.4.3], this implies that 
the cone C M n generated by £i,... ,, £ n contains C 0 . Now as in [17, Prop. 2.4.2(h)] 
we conclude that for any y £ int(C 0 ) C int(Cg) the point (C,pi,... ,p n ,v i,... , v n ) is 
y-stable. 

Now let us prove that for y in the interior of Co all y-semistable points are y-stable, and 
that this notion does not depend on y. To this end we will use the generating coordinates 
of Proposition 2.3.1. Suppose we have a point (C,p,,v.) G W”® (a) which is y-semistable 
for some y in the interior of Co- Then for each i there should exist a generating coordinate 
of weight & that has a positive 7th component. But such ^ is either a positive multiple 
of e,j or has form pe { + qej with i 7 ^ j, p > a* + 1, — aj < q < —1. By [17, Lem. 2.4.3], this 
implies that C 0 is contained in the cone generated by £ 1 ,... , £ n . As before, we deduce 
that the point ( C,p.,v .) is stable with respect to any character in int(Co). 

(iii) Recall that Ug* n ( a, a') is the distinguished affine open subset in U™ n (a) associated 
with the pull-back of the determinant of the morphism of the vector bundles 

Tr 1 ° TTa' : 'H(a , )/'H>o 'H>_ a /'H >0 ® O 

under the Krichever map (see Proposition 1.3.3(h) and the proof of Theorems A and B). 

Now the assertion follows immediately from the fact that y aia ' is the weight of det( 7 r “ 1 o 
TTa')- D 

Recall that a modular compactification of M. g , n (over k) is an nonempty open substack 
X C J\fg,ni where A f g>n is the stack of smoothable curves of arithmetic genus g with n 
smooth distinct marked points, such that X is proper. This term was introduced by 
Smyth [20] who considered substacks defined over Z, whereas we work over k. 

Let Ug t n( a)^ s C M g! s n ( a) denote the set of y-semistable points. As in [17, Cor. 2.4.4]), 
we deduce the following result. 

Corollary 2.4.2. For y G int(C 0 ) the quotient stack Ugf n { a)® s /G^ is proper. Hence, its 
irreducible component consisting of smoothable curves gives a modular compactification of 

A4g )n . 

Remarks 2.4.3. 1 . As in [17, Sec. 2.4] we can use the weights of generating coordinates 
(2.3.1) to define a countable set of walls in C a , such that the statement of Corollary 
2.4.2 also holds for characters that do not lie on these walls. In fact, this assertion holds 
for some finite subset of these walls since we know that finitely many of the coordinates 
(2.3.1) generate the ring 0(Ugf n (a)) (by Theorem A). 
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2. For a pair a/a' £ X(g,n ) one often has nontrivial global G” -invariant functions on 
W"*(a, a'). For example, for g = 2, n = 2, a = (2,0) and a' = (0,2), we have x aa / = 
3(e 2 —ei) which is in the interior of the cone C 2 ,o, generated by ei and e 2 — 2ei. Hence, by 
Theorem 2.4.1, the geometric quotient W 2 |(2ei, 2e 2 )/G^ is a (nonempty) distinguished 
open affine in a projective birational model of M 2 2 . 

However, it may happen that the weight y aa / belongs to the boundary of C a . For 
example, for g — 2, n — 2, a = (1,1) and a' = (2, 0) we have x = 2ei — e 2 which is 
one of the generators of 0 ( 1 , 1 ). In this case one can check that there are no non-constant 
G,©invariant functions on i/£|(( 1,1), (2, 0)). 

2.5. Extending the coordinates on U™ n (a) to Ai g , n - In this section we will use a 

different normalization of the coordinates ap [p, 0] than in Section 2.3 (see Theorem 2.5.9 
below). 

Recall that the standard divisor classes ^ on the moduli stack of pointed curves cor¬ 
respond to the line bundles L, := 0(—p t )\ rH on U gn . The pull-back of these line bundles 
to Ug S n {a) is canonically trivialized. Now considering the semi-invariance of a tJ [p, q\ with 
respect to the G^-action we see that they descend to sections 

a,,\p ,,] € H\U™ (a), L~* ® L$). (2.5.1) 

Let A4 g , n (a) denote the open substack of Xi g , n consisting of ,p n ) such that 

H l (C, 0(p i + ... + p n )) = 0. We have a natural morphism 

c : Mg )n { a) ->• U™ n (a) 

obtained by restricting the map c (see (1.7.11)) to stable curves. We have c *Li = Li, and 
we denote still by afj[p, q] the pull-back of ay,[p, q\ to A4 Si „(a). 

We are interested in the poles of a tJ [p, q] along the complement Ai g . n \ A4 9 , n (a). In 
Theorem 2.5.9 below we will achieve an estimate for these poles which ignores a possibly 
more subtle behavior along the boundary of A4 g> n- 

Let (C,p i,... ,p n ) be the universal curve over Ai 9:n - For a segment [a, b] C Z let us 
define the vector bundle on Ai g , n by 

Polar [a &])P . := 7 T*(O c {-api)/O c {{-b - 1 )pi)). 

Let us set 

n n 

Polar a : = © Polar[_ a< = Q^n*(Oc(aiPi)/Oc)- 

1=1 1=1 

As before, we denote by V the bundle with the fibers H l (C,0) (the dual of the Hodge 
bundle). We have a natural morphism of vector bundles of rank g, 

7f a : Pola,r a —» V, (2.5.2) 

such that Ai g:n (a) is precisely the locus where W a is an isomorphism. 

Definition 2.5.1. Let us consider the section 

s a := det(7f a ) G H°( det(V) ® det(Polar a ) _1 ), 
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We define the effective Cartier divisor Z a C Ai g , n as the zero locus of s a . Note that 
•A4g )n (cl) = -M-g,n \ Z a . 

Remark 2.5.2. Let ~* A i g ,n be the torsor corresponding to choices of formal 

parameters at marked points. Note that the pull-back of 7f a agrees with the map Kr*(7r a ) 

over the open substack of M.^° n where the Krichever map is dehned, where 7r a is given 
by (1.2.2). Hence, s a similarly agrees with Kr*(s a ), where s a is the Pliicker coordinate 
corresponding to a (see Section 1.3). 

Below we use the standard divisor classes on A4 g , n , ifi = Ci(Lj) and A = — ci(V). 
Lemma 2.5.3. One has the equality of divisor classes on M. gn 

Z a ■= T a - A, 


where 



(2.5.3) 


Proof. Since Z a is the degeneration locus of the morphism 7r a , its class is given by 

Ci(V) - Ci(Polar a ). 


It remains to use the isomorphism 


det (Polar [_ mj _ i] .) 



CL=1 


and recall that Ci(Y) = —A, C\{Lf) = 


□ 


Remark 2.5.4. Note that the effective divisor Z a r\M. gn is precisely the locus of (C,pi,... ,p n ) 
such that h l {0{pi + .. . + p n )) ^ 0, or equivalently, hP{0{p\ + ... + p n )) > 2. Let D a be 
the closure of this locus in A4 g n . The divisors (D a ) play an important role in the work of 
Logan [12] on Kodaira dimension of M. g , n . In particular, he proves the following formula 
in Pic (M g:n ): 

D a = T a - A - y^mj,g(a)($j,g, 

where (S^s) are the boundary divisors on A4 g n , and computes explicitly m^g > 0 (for 
example, he shows that = a^Oj). On the other hand, we dehned Z a = T a — A as 

an effective divisor, given by zeros of the section s a , which vanishes with multiplicity 1 
along D a . Since the boundary divisors are linearly independent in Pic(A4 g>n ), it follows 
that mi t s{ a) are precisely the multiplicities of zeros of s a along the boundary divisors. 

For any N > 1 let us set 

n n 

Polar a jv := ^ Polar [ _ a . )iV _ 1 ] = ^7r*(O c , (aiPi)/Oc(--^P<))- 
1=1 1=1 
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Similarly to Section 1.3, it will be convenient to consider the natural morphism, induced 
by the coboundary homomorphism, 

7f aiAr : Polar a ,v /O V N , 

where Vn is the vector bundle on M. g , n with the fiber if 1 (C', 0(—N(pi + ... + p n )))- Note 
that the pull-back of this morphism to M.^ n agrees with Kr*^^) on the open substack 
where Kr is defined (see the proof of Proposition 1.3.3). 

Lemma 2.5.5. We have a natural identification 

det(VAr) ® det(Polar ai Ar) _1 ~ det(V) ® det(Polara)' 1 , 
so that det(7f ai jv) = det(7f a ). 

Proof. This follows immediately from the morphism of exact sequences (similar to the 
one used in the proof of Proposition 1.3.3) 


O Polar 0) jv /O —*- Polar ai Ar /O -► Polar a —► 0 




TTa ,N 

TTa 


Polar 0) AT / O -► V fi -► V-► 0 


We are going to work over W”® (a) for a while. We consider the bundles Polar[ a ,&], Pi , 
Polar a Y and the morphisms 7f a , 7f aA r over Uf s n , dehned (and denoted) in the same way 
as over Mg, n . 

Recall that we have canonical formal parameters fj at the marked points Pi on the 
universal curve over Ug S n (a) ~ ASG D S a, *° (see Corollary 1.4.7), depending on a choice 
of io such that a* 0 > 0 in the case when some cq are zero. These formal parameters are 
uniquely characterized by the following properties. If ai> 0 then for each m > ai there 
is an element ffi—m] G H 0 (C,O(mpi + Yhj^i a jPj)) with the expansion at pi satisfying 
fi[—m] = tfi m modtf ai+1 k[[ti]]. If ai = 0 then there should exist an element fi[— 1] G 
»“(<?, ofe+Ei* a.jPj )) which restricts to t i 1 in a formal neighborhood of pi and whose 
expansion in at Pi 0 has no constant term. 

For any a <b, the splitting of the trivial vector bundle (t^k[ti]/t^ +1 k[ti]) <g)(9 associated 
with the basis (t \), over U'f s n (a), descends to a splitting 

b 

Polar MiPi — ^ L\ (2.5.4) 

j=a 

over Uf s n (a). 

Now we will give a recipe for computing the sections a Vj [p, q] of L~ p L q j, where p < 
—ai — 1, q > —aj (see (2.5.1)), on Uff (a), and hence on A4 gjn (a), in terms of the above 
splitting. 
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Let us set 


n 


Polar^jv : = © Polarj_ 0 ,at-i ], Pi ,, Polar^ := Polar^ 0 . 

Note that for each p < —a.i — 1 the isomorphism 7f a over Ufffia) (see (2.5.2)) induces an 
isomorphism 

Polar[p_i ])P . ©Polar^ -- Polar ^ - ai -i], Pi ©V. 

Hence, its inverse gives a morphism 

Fp : Polar [p _ ai _i ];P . ->• Polar ^ _ 1]tPi © Polar 
on Uff s n ( a). Similarly, for N > 1 the inverse of the isomorphism 

(Polar \p, N -i], Pi © P°lar a jv) /O —©- Polar b - ai -i], Pi ©V. 
induces a morphism 

F p N : Polar[p_ a ._i ]iPi ->• (Polar 1 ], Pi © Polar^) / O. 

Lemma 2.5.6. In the case q < 0 the section q] onU™ s n (a) is given by the composition 

F i 

Fj ->• Polar[p _ a ._i] )P . — p ~* Polar[ p _i] iPi ©Pola4 -G Polar[_ aj . ->■ L q p 

(2.5.5) 

where the first and the last arrows use the splitting (2.5.4). If q > 0 then oiifip, q] is given 
by the composition 

L P i Polar b _ ai _i ];Pi (Polar [p i9]iPi © Polarg ?+1 ) fO -» Polar t _ a ., q] . Pj . /O L). 

(2.5.6) 

Finally, in the case q = 0, let us normalize (ay[p, 0]) by the condition a ij0 [p, 0] = 0 for 
some fixed jo G [l,n]. Then a l3 [p, 0], for j fi j 0 , is given by the composition obtained from 

(2.5.6) by replacing the last two arrows with 

(Polar[p 0 ],pi © P°lar a i) /O ->• (Polar^^^j^ © Polar[-^, 0 ]^) /O ->• O, 

where the last arrow is given by the difference of projections to O from both factors in the 
direct sum. 

Proof. It is enough to prove the similar assertions for the functions a.ij\p, q] on Ugf n { a). 
These follow essentially from the definition of a i3 \p, q\. Let us consider the case q < 0 
first. We can think of Polar[ P) _i ] tPi © Polar l a as the bundle of polar parts at the marked 
points (up to order — p at p t and up to order a 3 at p 3 , j fi i). The kernel of the morphism 
to V corresponds to polar parts coming from H°(C \ {pi,... ,p n }, O). Hence, the map 
F^ applied to a given polar part at pi gives its extension to polar parts at all points, 
that come from H°(C \ {pi,... ,p n }, O). Thus, the composition of the first two arrows 
in (2.5.5) sends tf to the polar parts of /*[p] at all points. The composition of the two 
following arrows sends it to the term containing t q in the polar part at pj, which is by 
definition '/ (’'• 

The case q > 0 is similar: the difference is that rather than considering polar parts we 
have to take into account terms with higher order of the parameters. In the case q = 0 we 

45 



make a necessary change to take into account that a tJ [p, 0] is the difference of constant 
terms at pj and pj 0 . □ 

Given a surjective map of vector bundles p : V —>■ Q, and an effective Cartier divisor 
D , we say that a map Q —* D(-D) is a splitting of p with a pole if the composition 
Q —* D(D) —* Q(-D) is the map induced by the embedding O —* O(D). Dually we talk 
about retractions with a pole for embeddings of vector bundles. 

Lemma 2.5.7. Let 

0 —y V\ —y V 2 —y V 3 —y 0 

be an exact sequence of vector bundles, and let D be an effective divisor, such that the 
sequence splits on the complement U of D. Then there is a splitting with a pole V 3 —> V 2 (D) 
extending the given splitting over U, V 3 \u —> V 2 \u, if and only if there is a retraction with 
a pole V 2 —> Vj (D) extending the given retraction over U, V 2 \u —> VjJ u- 

Proof. Assume there exists V 3 —> V 2 (D). Consider the global morphism 

/ : Vi © V 3 (-D) ->■ V 2 . 

Then it is easy to see that / is injective and coker(/) ~ V 3 /V 3 (—D). In particular, coker(/) 
is killed by the ideal sheaf of D, so we get an embedding V 2 (-D) —>• V\ © V 3 (-D), which 
gives the required map V 2 (—D) —» V\. 

The proof of the converse is similar by looking at the morphism V 2 V\(D) © V 3 . □ 

We say that a morphism of vector bundles of equal rank / : V W degenerates exactly 
on an effective Cartier divisor D if the morphism det(/) : det(L) —> det(kb) induces an 
isomorphism det(L)(D) ~ det(W). Note that in this case the sheaf W/f(V) is killed by 
the ideal sheaf of D, hence, we get a morphism W(—D) —> V which is inverse to / on the 
complement of D. 

In the following lemma we analyze how to extend the splittings —> Polar [ a ,b],pi of the 
natural projection Polar[ a b ] iP , —> Lf (resp., retractions Polar[ a ,b], Pi —> L\ of the embedding 
L\ —> Polar[ ajb ] iPi ) that we have over a) (see (2.5.4)) to splittings (resp., retractions) 

with a pole along the divisor Z a C M. y , n (see Definition 2.5.1). 

Lemma 2.5.8. (i) Let Z be a divisor supported on Z a . Assume that for some i G [l,n] 
and some m > 0, N > 1, the splittings Lf m ~ 3 —> Polar over Af 9in (a), for 
j = 1,... , N, extend to splittings with a pole Lf m ~ J —> Polar[_ m _j_ m ] )K (jZ) over M. g , n - 
Then we have a splitting with a pole Lf —> Polar [ a ^ a+ ]sr] :Pi (NZ) for any a G 7L, extending 
the splitting over M. g n [af). 

(ii) For every i G [1 ,n\ such that a* > 1, and every a < b, the splitting Lf —> Polar [ ai b}, Pi 
(resp., the retraction Polar^^ —> L\) over Af 3)n (a) extends to a splitting (resp., retrac¬ 
tion) with a pole 

L^ -»• Polar [a)6];P .((6 - a)Z a ) (resp., Polar [a)6])P . L\((b - a)Z a ) ) 

over Mg :n . 

(Hi) In the case a* = 0 the above splittings and retractions acquire at most the following 
poles along Z a : 

L^ —>• Polar [ai6]iP .((6 - a)(a io + 1 )Z a ), Polar [a>fe])Pi —>• Lj((6 - a)(a io + 1 )Z a ). 
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Proof, (i) Let us temporarily denote by t^ can the canonical formal parameter at Pi over 
I'lg n ( a ) obtained from Corollary 1.4.7. The question is local, so we can choose a formal 
parameter t t at pi locally over M. 9) n■ In particular, t t gives a nonzero relative tangent 
vector at pi, and so we also have the corresponding canonical parameter t^ can at pi, which 
is dehned away from Z a . We have 

ti,can — L + CiC 2 + . . . + CNtf +l + . . . , 

where q are some functions, regular on the complement to Z a . 

We claim that q G 0{lZ) for Z = 1,... , N. Using the induction on N we can assume 
that we already know this for q with / < N. Now our assumption about the pole of the 
splitting L~ m ~ N -> Polar[_ m -N,-m],pi means that the coefficients of powers of U in the 
expansion of mod tf' n+i k[[ti]\ belong to 0(NZ). Looking at the coefficient of tf m 

of this expansion we derive that qv G O(NZ), which proves our claim. 

Hence, for any a G Z the coefficients in the expansion of t“ can mod f“ +Ar+1 £;[[£;]] belong 
to O(NZ), which is precisely our assertion. 

(ii) Since, Z a is the degeneration locus of the morphism W a (see (2.5.2)), it follows that 
for any m > 1 the morphism of vector bundles of rank g + m on A4 g>n , 

Polar[_ 0i _ m © Polarg ->• Polar©¥ 

degenerates exactly on Z a . Thus, we get a morphism 

Polar[_ ai _ TO _ ai _i y Polar[_ ai _ mi _i] iPi (Z a ) y Polar[_ ai _ mj _ ai ] j p i (^ a ). 

(2.5.7) 

As in the proof of Lemma 2.5.6, we see that over A4 gn (a) the first arrow in (2.5.7) 
sends , for 1 < m! < m, to the polar part the expansion of _/)[—a* — m'} in f. 

By the definition of the canonical parameters, this implies that the morphism (2.5.7) is 
compatible with the splitting (2.5.4) over _A4 S)n (a). 

Now, let us prove by induction that for any m > 1 we have the required splittings with 
poles 

->■ Polar[ a ,a+m], Pi (mZ a ) 

For m — 1 the morphism (2.5.7) gives a splitting with a pole 

Li —•t Polar (Z a ), 

and the assertion follows from part (i). Assume we already have such morphisms for 
m! < m. Then we can construct the required splitting with a pole for ci = — a* — m as the 
composition 

Li y Polar[_ a ,_ m _ a ._!] jPi ((m l)^ a ) y Polar[_ ai _ mj _ ai ] p i (?n^ a ), 

where the first arrow exists by the induction assumption and the second arrow is given 
by (2.5.7). It remains to apply part (i) again. 

Next, combining our splittings with poles we get a splitting with a pole 

Polar [ a ,b-i], Pi -y Polar [ a>b ]((b - a)Z a ). 

Hence, by Lemma 2.5.7 we get the required retraction with a pole 

Polar [0ib] -> L\{{b - a)Z a ). 
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(iii) Now consider the case a, : = 0. Recall that we have fixed i 0 such that a io > 0. It 
follows from Lemma 2.5.5 that for each m > 1 the morphism of vector bundles of rank 
g + n + m — 1 on .M g , m 

(Polar [-m,o], Pi © Pola r L,i) /O -© Polar [- m -i], Pi ®Vi 

degenerates exactly on Z a . Thus, we get a morphism 

Polar[- m ,- 1 ] tPi (—Z a ) -> (Polar[_ m ,o], Pi © Polar[_ a . o , 0 ],p io ) jO. (2.5.8) 

By part (ii), we also have a morphism Polar[-a io ,o],p io —> O(ai 0 Z a ), which gives splitting 
with the pole of order a io along Z a of the exact sequence 

0 O -© Polar[-a io ,o], Pio -© Polar[_ aio , 0 ], Pio /O ^ 0 

Hence, the exact sequence 

0 ->• Polar[_ m , 0 ], Pi -© (Polar[_ m , 0 ], Pi ©Polar {-a io fi\, Pio ) / O -© Polar[-a io ,o], Pio /O ->■ 0 
also has a splitting with pole of order aj 0 along Z a , so we get a retraction with a pole 
(Polar[_ m , 0] , p . ©Polar[_a io ,o ], Pio )/0 —► Polar[_ m , 0 ], Pi (a io Z a ). 

Composing it with (2.5.8) we get a morphism 

Polar[_ m _!j p. ^ Polar[_ m0 ], Pi ((aj 0 T 

As in part (ii), we deduce from this by induction on m that we have splittings with poles 
Aj t Polar[ ao _(_ m ], Pi (nr(cij 0 T l)2^ a ), Lj t Polar[_ m ,o], Pi (n'i(cij () © l)2^ a ) 
extending the ones associated with the canonical parameter © over JH gn (a). □ 


Theorem 2.5.9. Let us choose j 0 G [1, n] such that aj 0 = min(ai,... , a n ), and normalize 
aij[p, 0] by aij 0 [p, 0] = 0. If there exists i such that a* = 0 then we in addition choose i 0 , 
such that aj 0 > 0, that is used to define ayj[p, q\ for a* = 0. Then the section otij\p,q\ of 
L~ p <g) L \• on Ad 9 , n (a), where p < —ai — 1, q > —aj, extends to an element of 


where 


L i p ® Lj(l + dj(q + afi — dfip + © + l))Z a ), 

d ={ l © > 

| (a* 0 + 1), <© = 0. 


In particular if a t > 0 and aj > 0 i/ien ap [p, q] extends to a global section of L { p ©Lj((g + 
aj p a i ) Z a ). 


Proof We use the presentation of cqj[p, q] given in Lemma 2.5.6. Assume first that q < 0. 
Then using Lemma 2.5.8, we can modify the composition (2.5.5) as 

L 1 - (dfip + <© + 1 )Z a ) ->• Polar [p ,_ ai _i], Pi ->■ (Polar [p _ij, Pi © Polar!) (Z a ) -© 

Polar i|, p , (Z a j Polar[_ ai ,g], Pi (Z a ) l Lj ((1 © dj(q © Oj )) Z a j, 
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which gives the required pole estimate in this case. Similarly, if q > 0 then we modify 
(2.5.6) as 

Li(di(p + a* + 1 )Z a ) —> Polar— > ((Polar \p iq \ iPi ©Polar^ g+1 ) jO) (Z a ) —>■ 
(Polar[_ a . )9])P . / 0)(Z a ) —>■ LJ ((1 + dj(q + dj))Z a ). 

Finally, in the case q = 0 and j ^ jo we replace the last two arrows in this composition 
by 

((Polar [Pj0 ],pi © Polar^ x) /0)(Z a ) -» ((Polar© Polar [ _ a . i0 ],p J ) /0){Z a ) 

—> L q {{ 1 + djCij)Z a ), 

where the last arrow exists since dj 0 < d 3 . □ 


Remark 2.5.10. In the case of ay,-[—a* — 1, —%], where dj > 0, we can derive the result 
of the above theorem much easier using the formula 

_j_ s a+ei-ej 

obtained similarly to Corollary 1.3.4. Indeed, the right hand side is a rational section of 
(P( v h a+e ._ ej — 'Fa) = L“ i+1 © Lj aj with the pole of order 1 at Z a , so we can view it as a 
regular section of L“ i+1 © LJ aj (Z a ). 

In the next result we will use the notation from Section 2.4. In particular, N = 
max(ai,... , a n ) and C a C R" is the cone generated by all vectors u>ij = (a* + l)ej — djej. 
We will also use the smaller subset of generators of this cone indicated in Lemma 2.2.2. 


d^ 1, flj 


Proposition 2.5.11. (i) Assume that a, > 0 for at least two indices i. Let x — 
Yhi^j aj> o x ij UJ ij be in the cone C a . Then the rational map from. M. g , n to U)f s n (a) is 

given by a linear system in \rZ\, for some positive integer r, where 

Z = Z(x) = y ' x ij (z a + ei - ej + (— — l)© a J + y ( XijZ a + ei _ ej . 

i^j:ai>0,aj>0 ' 1 i^j:a,i=0,a,j>0 

(ii) For a = ge i and x = x i^i + Y 2 /i .=2 x i UJ n the rational map from A i g>n to Ugf n { a) / G m 
is given by a linear system in a positive multiple of the class 

n 

x i {i>i + Z <n) + X iZ(g — l) e i +ej • 

i =2 


Proof. Set 


A = A + N£(ei)Z a 


A + (f ) Z a, Oi ^ 0, 

fpi + {N + l)Z a , di = 0. 


We claim that a . l3 [p, q] extends to a global section of the line bundle corresponding to the 
class —pipi + q'fj , where for a rational divisor class by global sections we mean 

global sections of L r *J [V)]. Indeed, 


-pfji + qi>j = -pnfi + qjjj + N£(-pei + qe 3 )Z a . 
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But the linear functional i has the property that N£(oj t j) > 1 and N£{ef) > di, which 
implies that 

N£(—pei + qej) > 1 + dj(q + aj) — dfp + a* + 1) 

whenever p < —di — 1, q > —aj. Thus, our claim follows from Theorem 2.5.9. 

Next, let us define the homomorphism 

f : Q” -> Pic(A^ 5 , n )Q : e ?: i-A 

Then we see that any monomial expression in coordinates [p, q] ) extends to a global 

section of ip(v), where v is the corresponding G”-weight. Now the assertion (i) follows 
from the formula 


= (a* + l)i>i - aji>i = 


'a—e 


i~ e i + (a,- 


J a+ei—ej j 

Indeed, in the case a* > 0, a, > 0 this follows from the identity 


a* > 0, Uj > 0; 

a* = 0, aj > 0. 


( a/ T l)©* 'Pa+ei —ej 'Pa, 

where T a are given by (2.5.3). Similarly, in the case a* = 0, aj > 0 this follows from 


Ipi aj'lfj T Z a 'Pa+e, —Gj A. 


For the assertion (ii) we use in addition the formula for if i, which in the case N = a\ = g 
becomes ifi = Vh + Z ei . □ 


Example 2.5.12. In the case when g is divisible by n and a\ — ...= a n — g/n , the 
class Z(x) from Proposition 2.5.11 is the image of y under the linear map sending the 
generating vectors cto Z a+e ._ e .. 

Remark 2.5.13. It follows easily from the results of Logan [12] that if C + 
... + I hf n is the convex hull of the classes T a , where a ranges over X(g, n), then for any 
rational class Z in the interior of C^ + M>ot/r + ... + M>o if n , the Q-clivisor Z — A is big. 
All the divisor classes appearing in Proposition 2.5.11 are multiples of classes of this form. 

3. Examples with g = 1 

3.1. Case g — 1, n — 2, a = (1, 0). In this section we work over Z[l/6]. 

The simplest case g = n = 1, a.\ = 1 corresponds to the standard family of Weierstrass 
cubics (see e.g., [11, Sec. 1.3]), so we start with the next simplest case n — 2, a = (1,0). 

Proposition 3.1.1. There is an isomorphism. Uf 1(1,0) ~ A 4 with coordinates a,b,e,ir, 
such that the universal affine curve C \ {pi,P 2 } over 0) is given by the equations 

h\ = ft + vr/x + s, 

fihi 2 = a.h\ + bh \2 + ae, (3.1.1) 

h\hi 2 = a.ff + ehi 2 + abf x + a(ir + b 2 ), 


s = e 2 — 6( 7r + b 2 ). 
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Here the functions h 12 G H°(C, 0(pi + p 2 )), fi G H°(C , 0(2p!)) and h\ G H°(C, 0(3pi)) 
have the expansions 

hu = l/t 2 + • • • at p 2 , 

h \2 = a/ii + ... , fi = l/^i + ... , /ii = 1/tf + • • • at pi, 

where t\ and t 2 are formal parameters at p\ andp 2 compatible with the fixed tangent vectors 
at pi and p 2 . Note also that b = f\ (p 2 ), e = hi(p 2 ). The weights of the coordinates with 
respect to the G^-actions are: 

wt(a) = e 2 — ei, ud(5) = 2ei, wi(e) = 3ei, wt(n) = 4ei. 

Proof The proof is similar to that of [17, Thm. 1.2.4]. First, assuming that 6 is invertible, 
we can construct canonical generators in any marked algebra A of type (1, 0) over R (see 
(1.5.1)). Namely, we claim that there is a unique choice of f\ G F 2e 1 , hi G F 3ei and 
hi 2 G F ei+e2 , such that 

fi = u\ mod F ei , hi = u'\ mod F 2ei , h V2 = u 2 mod F ei , 
and the following relations hold in A, with 7 r, s, a, b, d, e,p, q, r G R : 

h\ = fi + tt/i + s, 
fihi 2 = ahi + bhi 2 + d, 
h\hi 2 = afi + ehi 2 + phi + qf\ + r. 

Indeed, we have the following ambiguity in the choice of fi, hi, hi 2 : we can add constants 
to fi and hi 2 , and can change hi to hi + cifi + c 0 . The first relation fixes fi and hi 
uniquely, while adding a constant to hi 2 we make sure that there is no term with f\ in 
the second equation. 

The Buchberger’s algorithm gives the following relations between the coefficients that 
are necessary and sufficient for the elements 

fi, hifi, h\ 2 , n > 0, m > 0, k > 1 , 

to form a basis of A: 

s = e 2 — b(n + b 2 ), d — ae, p — 0, q — ab, r = a(7r + b 2 ). (3.1.2) 

The rest of the proof is parallel to that of [17, Thm. 1.2.4], considering the chain of the 
natural maps 

Wp 2 (l> 0) —>■ MA( 2 j i) —> 5(1,0) > hlf 2 ( 1 ,0), 

where 5( lj0 ) is the scheme defined by the equations (3.1.2), so 5( 1)0 ) — A 4 . □ 

Corollary 3.1.2. The forgetting morphism for 2 : Uf 2 ( 1, 0) —> Uf s (l) identifies Uf s 2 (l, 0) 

with the total space Tot(T pi ) of the line bundle over the universal affine curve over Uf s (1) 
given by the tangent line at the marked point. This identification is compatible with the 
Gl n -action, where the action of the first factor on Tot(T pi ) is induced by its action on 

Uf s (l), while the second factor acts by rescalings in the fibers and trivially on the base. 
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Proof. The morphism for 2 is given by the functions (tt, s). Now we can rewrite the formula 
for s as the equation 

e 2 = b 3 + jrb + s, 

which is exactly the equation of the universal affine curve over Uf s (l). The extra coor¬ 
dinate a can be interpreted as the coordinate on the tangent line at the point pi via the 
identification of the latter with 0(pi)/0, by recalling that hi 2 = ajt\ in OfpffjO. □ 


3.2. Case g — 1, n — 3, a = (1, 0, 0). 

Proposition 3 . 2 . 1 . There is an isomorphism of Uf §(1,0,0) ~ A 1 x 77i(2,4), where 
1Z\ (2,4) is the variety of 2 x 4-matrices M = {rri l3 ) such that rkM < 1 (its ideal is 
generated by the 2 x 2-minors). The weights of the G) n -action on the coordinates are 
given by 


w(m n ) = e 2 - e 1 ,w(m 12 ) = e 3 - e 1} w(m 13 ) = 2e 1 ,w(m 14 ) = 3e l5 
w(m 2 1 ) = e 2 , w(m 22 ) = e 3 , w(m 23 ) = 3e 1 ,w(m 24 ) = 4e b 

while the coordinate t on the extra factor A 1 has weight 2ei. The scheme W”|(1,0,0) is 
irreducible of dimension 6, Cohen-Macauley, normal and nonsingular in codimension 4, 
but not Gorenstein. 

Proof. Again we argue as in [17, Thm. 1.2.4], Using the case n — 2 (see Proposition 
3.1.1) we see that any marked algebra A of type (1, 0, 0) has unique generators fi G F 2ei , 
hi G F 3ei , h 12 G Pei+e 2 and h 13 G A e i+e 3 , such that 

f\ = u\ mod F e i, h\ = uf mod F 2ei , h 32 = u 2 mod F ei , h V3 = u 3 mod F ei , 

and the following relations hold in A: 

h'i = /i + 7 Tifi + .S' i , 

fihu = auhi + buhii + aue u, 

hihu = auf{ + euhu + a.ubufi + 01 ,( 71 ! + b\f), 

h\ 2 hi 3 = c 32 h\ 2 + c 23 h\ 3 + ai 2 ai 3 /i + d, 


where i = 2, 3, and 

S 1 = e i2 - b i2 - 7T1&12 = e 2 3 - bl 3 - 7Ti6i 3 . 

Note that the form of the last equation is dictated by the fact that hi 2 hi 3 — ai 2 ai 3 fi G 
Fei+e 2 +e 3 - Using the Buchberger’s algorithm, we see that the condition that 

form a basis of A is equivalent to the equation 


d — ai 2 ai 3 (bi 2 + 6 13 ), 
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together the following equations on the cooefficients a 1 2 , cq 2 , & 12 , & 13 , e i2 , ei 2 , c 23 , c 32 ,7T].: 

e 12 - e 12 = fe 12 - b 13 + 7Tl(^12 ~ &12), 

£ 23(^13 — ^ 12 ) = ® 12 (^12 + 613 ), 

C32(^12 — &I 3 ) = ® 13(^12 + C 13 ), 

C23( e 13 — ^12) = ®12 (Tl + b i3 + ^12^13 + &i 2 )j 

C32(ei2 ~ ffi 3 ) = ai 3 (7Ti + 6f 3 + &12^13 + &l 2 ), 

Ol2C3 2 = — Ol3 c 2 3- 

These are exactly the equations given by the 2 x 2-minors of the matrix 

«i2 013 b 13 — bu ei3 — e 32 

C23 — C 32 e i2 + e 33 7 T! + b\ 2 + & 12^13 + &13 

It remains to observe that the entries of this matrix complemented by t — b\ 2 form 
a change of variables from the original 9 coordinates (recall that we assume 2 to be 
invertible). The geometric properties of our space follow immediately from the well-known 
properties of the affine cone over the Segre embedding of P 1 x P 3 . □ 



3.3. The moduli space Wf*(ei, e 2 ,... , e„). An important example of the moduli scheme 
of the form U™ n (a 3 , a 2 ,...) is the scheme U™ n (e\, e 2 , ... , e n ) because of its connection with 
the moduli scheme U{ n ^ of genus 1 curves ,p n ) such that h l {0(pi)) = 0 and 

0(pi + ... + p n ) is ample, with a nonzero global section of the dualizing sheaf cue- 1 The 
scheme Ufff was constructed and studied in [11], where we showed that its GIT quotient 
by G m coincides with the moduli space of (n — l)-stable curves of genus 1 defined and 
studied by Smyth in [21], [22], 

Let 7j C G'^ be the kernel of the projection to the first component G™ n —>• G m . 


Proposition 3.3.1. The action of 7j on L/”*(ei,e 2 ,... , e n ) is free and there is an iso¬ 
morphism of G m -schemes 


«r„(ei,e 2 ,...,e„)/r 1 ~M 1 «~ 

Proof The restriction map H°(C,U!c ) —> ^>c\p % is an isomorphism for every i (see [11, 
Lem. 1.1.1]). Hence, we have a natural embedding 


U'l'ff —> Ufffe 1 , e 2 ,... , e n ), 


associating to a trivialization of H°(C, uc) the corresponding trivializations of the tangent 
lines at each marked point. It is easy to see that its image is a section for the 7)-action 
on Ulffi which implies the assertion. □ 


1 “sns” stands for 
is denoted by Uf s n . 


“strongly non-special”, since eachp.j defines a non-special divisor. In [11] this scheme 
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4. Moduli of curves with chains of divisors 

4.1. The setup. The combinatorical data defining our moduli spaces is a collection of 
formal divisors (formal integer combinations of pi,... , p n ): 

0 = D 0 - < D+ < Dr < D+ < < DJ < D+ 

such that supp(D+) = supp(D+ — D“), and for each q — 1,... ,s there exists an index 
i q G {1,... , n} such that D“ = D^"_ 1 + p iq . We set 

S 

9 = £deg(D+ _ D -) = deg(D+) - s. (4.1.1) 

q =o 

We always assume that g > 0. 

We will construct the moduli space parametrizing curves C of arithmetic genus g with 
smooth marked points pi, ■ ■ ■ ,p n , such that Oc{pi + ... +p n ) is ample, with restrictions 
on the number of sections of various divisors supported at pi, ■ ■ ■ , p n ■ We say that a 
divisor D — ^iPi is of type D = Y a,p;. Let D~, D+, for q = 0,... , s, be the divisors 
on C of the types D~,D^". Then we impose the conditions h l {C, Df) = 0, and 

h°(C, D~) = h°(C, D+) =q + 1, for q = 0,... ,. s, (4.1.2) 

Note that since deg(H~) = deg( D +_ { ) + 1, these conditions imply that h l {C,D~) = 
h 1 (C,D q L]^). Thus, h 1 drops by deg(H s h — Dj) only when going from D~ to Df. The 
total drop from /? 1 (Z1 ( C) = h l {C, O) to /? 1 (Z1+) is g, which explains the formula (4.1.1). 
Let us set formally 

fi 1 (Dj) = i 7 + g-deg(D 9 ± ), (4.1.3) 

so that in the above situation these are the values of /? 1 (H g h ) and h 1 (D~). 

Example 4.1.1. In the case s = 0 the above data reduces to a single formal divi¬ 
sor D o = LIU a iP i of degree g. Thus, the corresponding moduli space, parametrizing 
(C,pi,... , p n ), such that 0(p\ + ... + p n ) is ample and the divisor Dq = a iPi satisfies 
h 1 (Dq) = 0, is exactly the stack W”* (a). 

Example 4.1.2. For n — 1 our data is equivalent to the collection of numbers 

0 = do < d+ < ^ < df < ... < dj < d+, 

where + 1, so that = d^p \. Then our condition on divisors supported at p\ 

on a curve C is that /i 1 (d+pi) = 0 and that the set 

[M t\\{ d q I 9 = i,--- 

is precisely the set of Weierstrass gaps of (C,pi), i.e., the set of m > 1 such that 
h°((m — l)pi) = h°(mpi). Conversely, if 1 = i\ < ... < £ g is the gap sequence of 
some subsemigroup S C Z> 0 , i.e., S = Z> 0 \ {£i,... ,£g }, then we can reconstruct our 
data by 

dt = £g, {d- \ q = l,...,s} = [l,£ g ]\{£ 1 ,...,£ g }. (4.1.4) 

The next Lemma records a well known construction of the loci over which the rank of 
a given map of vector bundles is constant. 
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Lemma 4.1.3. Let 0 : V —> W be a morphism of vector bundles over a scheme X. We 
define C X to be the closed subscheme given by the equation A r+1 (0) = 0, and we 

call the locally closed subscheme in X , 

Zfifi) \= Z< r {4>) \ Z< r _i(0), 

the locus where the rank of is equal to r. Then for a morphism f : S —>■ X the sheaf 
coker (f*(f>) is locally free of rank rk W — r if and only if f factors through Z r {fi>). For such 
f the sheaves ini (f*(f>) and ker(/*0) are locally free of ranks r and rk V — r, respectively. 

Proof. The question is local so we can assume that the bundles V and W are trivial. Note 
that the complement of Z< r _i(0) is the open subset of X on which one of the r x r-minors 
of the matrix of <f> is invertible. Equivalently, it is the union of open subsets on which 
there exists a decomposition W = Wi © W 2 such that rkWi = r and the component 
0i : V —» Wi of 0 is surjective. Hence, locally we have a decomposition V = Vi © V 2 such 
that 0i (V 2 ) = 0 and 0i|vi : Vi —> Wi is an isomorphism. Thus, when we further restrict 
to Z r (0), the condition that A r+1 (0) = 0 will imply that 0 factors as a composition of the 
projection V —> Vi followed by an embedding as a subbundle Vi —* W. Thus, imffi>\z T (^)) 
is a subbundle of W| z r {(j>) of rank r. 

Conversely, assume that coker(/*0) is locally free of rank rkW — r. Then im(/*0) is 
a subbundle of /*W of rank r, so A r+1 (0) = 0 and locally there exists an r x r-minor of 
/*0 which is invertible, hence / factors through Z r (0). □ 

Definition 4.1.4. With the data T> = (D0) we associate a locally closed subscheme 
SGv C SGi(g) as follows. We start with an open subset 5'G(D+) C SGfig) consisting 
of W such that H l (W( D+)) = 0. Note that over SG( D+) the spaces H°(W(Df))/k are 
the fibers of the vector bundle /C(D0) (see (1.2.3)). Now for each q — 0,... ,swe have 
morphisms of vector bundles 

vt ■■ AC(D t) -> «>-D*/«>-Df ® O, 

and we define SGt> C 5G(D0) as the intersection of the loci Z s _ q (tp±), for q = 0,... , s, 
where the rank of prf is equal to s — q (see Lemma 4.1.3). 

Recall (see Lemma 1.2.2) that for any / : X —> SG(Df) the morphism f*gfif fits into 
an exact sequence 

0 £(/, D±) -> K(j. D+) rA «(D,+)/W(Dp ® Ox -- C(f, D±) -> 0. 

(4.1.5) 

Lemma 4.1.5. (%) For the embedding i : SGx> —> 5G(D0) the sheaves JC(i, D^) and 
C(i, D^) are locally free of ranks q and /? 1 (D^ = ), respectively. 

(ii) For each q the natural morphism JC(i, D“) —> JC(i, D+) is an isomorphism. 

(in) For each q > 1 the natural morphism C(i, —> C(i, D~) is an isomorphism. 

Proof, (i) This follows from the exact sequence (4.1.5) for f = i together with Lemma 
4.1.3 and the fact that the morphism i*(p± has the constant rank s — q. 

(ii) By Lemma 1.2.2, we have an exact sequence 

0->/C(i,D") -►£(*, D+) ^ U(D+)/n(Df) ® O ^ V ^ 0, 
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(4.1.6) 



where V fits into an exact sequence 

0 —y V —y C(i , ) —y C(i , D^~) —y 0. 

Hence, V is a vector bundle of rank deg(D+—D~), so the surjective morphism "H(D+) /PLfDf)® 
O —y V is in fact an isomorphism. Now the assertion follows from the exact sequence 
(4.1.6). 

(iii) By Lemma 1.2.2, this morphism is surjective. It remains to observe that by part (i), 
both sheaves are locally free of the same rank. Hence, this map is an isomorphism. □ 


For a divisor D let us denote by mj(D) the coefficient of p, in D. We also set 

at = m*(D+), i = 1,... ,n, 14 171 

rn q — m iq (D~), q= 1,... ,s ' 

(recall that i q is determined by D~ = + p iq ). For each i — 1,... , n, let 

Ti = {-m q | q G [1 ,s\,i q = i} U (-oo, -a, - 1], 

and set 

Si = Z\Ti, S = U iSi. 

Recall that the open cell Us,i C SGi(g) associated with S is given by (1.1.5). 

Proposition 4.1.6. SGx is a closed subscheme of the open cell Us,i, which is isomorphic 
to the infinite-dimensional affine space. 


Proof By Lemma 1.2.2 and Lemma 4.1.5(iii), we have exact sequences of vector bundles 
over SGt >, 

o -> K(D+,) -> C(D-) WfDp/WfDy,) ® O -» 0, 
for q = 1,... , s, where the last vector bundle is canonically isomorphic to the trivial 
bundle of rank 1. On the other hand, for every D > D+ we have an exact sequence 

0 /C(D+) /C(D) —>• ^(D)/^(D+) (8) O -G 0. 

Hence, we can choose splittings of all of these sequences over SGx >, and represent the 
universal subspace over SGx by a locally free subsheaf W C PL <S> O (with locally free 
quotient), such that W/{ 1) has the basis 

(9q)q=l,... ,si ( fi[ m ])i=l,... ,n,m><n)i (4.1.8) 

such that 


9q = t iq mq mod^(D+_ 1 ), (4.1.9) 

fi [~m\ = t~ m mod PLfDf ). 

Adding to f t [—m] a linear combination of g q , and to each g q a linear combination of 
g q i with q' < q, we arrive at the basis of the form (1.1.6), so we obtain the inclusion 
SGx C U s ,i. In addition, the property (4.1.9) implies that for every q = 1,s, the 
coefficient of t~ m in g q , where — m G S t , is zero unless m < m i (D^_ 1 ). Note that these 
coefficients are among the coordinates on Us,i, so their vanishing gives a closed subscheme 
Z C Us,i, isomorphic to the inhnite-dimensional affine space. Finally, it is easy to see 
that over Z the image of the map is a subbundle of rank s — q (for q = 1,... , s), 
which shows that Z = SGx■ □ 
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The following definition mimics Def. 4.1.4 for the moduli of curves. 

Definition 4.1.7. (i) For the data V = (D±) as above let U g , n { D+) denote the moduli 
stack of projective curves C of arithmetic genus g with n marked points (distinct, smooth) 
Pi ,... , p n such that Oc(p i + - • ■ +p n ) is ample and h 1 (C, Df) = 0, where Df is the divisor 
of type D+ supported on p 1 ,... ,p n . Then the moduli space U g , n [D\ is the locally closed 
locus of 7/ 5 i „(D+), dehned as the intersection of the loci Z s _ q ((j)±), over q < s, on which 
the natural morphism of vector bundles 

4>i ■ R°n.(0(D+)) -4 R\,(0(Dt)/0(Df)). (4.1.10) 

has rank equal to s — q. Here n : C —* U g ^ n { D+) is the universal curve, and (D±) is 

the divisor of type (D^) supported at pi, ■ ■ ■ ,p n - As before, U ggi [D] (resp., Ug°n[D]) 
denote the similar moduli space with the choice of nonzero tangent vectors (resp., formal 
parameters) at the marked points. 

(ii) In the case n = 1, for a sequence 1 < i\ < ... < £ g we set 

Ug^U . . . ,lg\ = U g , n [V ], U gA [i 1: ...,£g]= Ug, n [V], 
where V = (d± pi) g=0) ... )S is dehned by (4.1.4). 

Lemma 4.1.8. The stackU 9)n [D\ classifies families of pointed curves (n : C —> S,pi,... ,p n ) 
such that 0(pi + ... + p n ) is relatively ample and R 1 n*(Oc(D±)) is locally free of rank 
h 1 (D^ = ) for each q = 0,... ,s, where Dff is the divisor of type . For such a family and 
for any D, D“ < D < D+, q — 0,... ,s, the sheaf R l TifiOc{D)), where D is the divisor 
of type D, is locally free of rank h 1 (D+) + deg(D+ — D). 

Proof. We have R 1 nfiO(Df)) = 0 on U ggi ( D+). Hence, for q — 0,... , s, the sheaf 
R 1 'nfiOc{D^)) is isomorphic to the cokernel of (4.1.10). Therefore, the first assertion 
follows from Lemma 4.1.3. To prove the second assertion we use the commutative diagram 
with exact rows and columns 

it .(0(D)/0(D-)) — w ,(0(D)/0(D-)) 


w.(0(D*)/0(D~)) -- R\,(0(D-)) -- R\,(0(D+)) -4 0 

id 

7 u(0(D+)/0(D)) -► R}n*(0(D)) -► R^fiO^)) 0. 

Since by assumption R 1 n*(Oc(Df)) and R 1 ir sl ,(Oc(D+)) are locally free of prescribed 
ranks, whose difference is deg(D+ — D~), we derive that the first arrow in the middle 
row is injective. Since the left column is a short exact sequence, we deduce that the first 
arrow in the bottom row is injective, so the bottom row is a short exact sequence. Hence, 
R 1 n il: (0(D)) is locally free of prescribed rank. □ 
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Using this Lemma we can rephrase Definition 4.1.7(h) as follows. 

Corollary 4.1.9. For every gap sequence 1 — i\ < ... < £ g the stack U g ^[£\,... ,£ g \ 
classifies families of pointed curves (it : C —> S,p\) such that 0(p\) is relatively ample, 
7 t*((D c(£gPi)') = 0 and I^Ti^Oc^mpi)) is locally free of rank g — i for C < m < U+i, 
i = 0,... , g — 1 (where £o = 0). 

4.2. Curves with special divisors and the Krichever map. It is clear from the 
definitions that the Krichever map defines a map 

Kr : Uffi[V\ -> ASGv := ASG D SG V , (4.2.1) 

equivariant with respect to the action of the group of changes of parameters 0 (see Section 
1.4). 

Lemma 4.2.1. The action of 0 on SGx> is free and admits a section E-p c SGv, iso¬ 
morphic to the infinite-dimensional affine space. 

Proof Renumbering the indices we can assume that 

D+ = aipi + ... + a r p r , 

with a, > 0, r < n. By assumption, each of the formal points Pi, • • • , p r is in the support 
of D+ — D^. In other words, 

DJ < (oi - l)pi + • • • + (a r - l)p r . 

We know that C(i, D+) = 0, where i : SGd —>■ SGfg) is the embedding. On the other 
hand, we claim that for each % — 1,... ,r, the sheaf C(i,Y)f — p,;) is locally free of rank 
1. Indeed, by Lemma 1.2.2, we have an exact sequence 

0 C(i, D+ - Pi ) ^ C(i, D+) ^ H(Df)/n(Df - Pi ) <g) O C(i, D+ - Pi ) 0. 

Since < D+ — p,, by Lemma 4.1.5(h), the first arrow is an isomorphism, so the map 
H(Dt)/H(Dt-p,)®0 -> C(i,D+- Pi ) is also an isomorphism, which proves our claim. 

Therefore, Proposition 1.4.3 is applicable to the action of 0; on SG%>. Arguing as in 
Corollary 1.4.4, we get a section for the action of n[=i 011 SGx> given by the locus of 
W with the following property: each element fi[—m] G H°(W(Df + (m — a*)p,;)), for 
i — 1,... , r, m > ai, from the basis (4.1.8), has the expansion in t,, of the form 

fi[-m] = tf m mod tf ai+1 k[[ti\]. 

In other words, we require the vanishing of the coefficient of tf ai in ff—m]. Next, as in 
Proposition 1.4.5, for a fixed i 0 < r, we get a section for the action of the full group 0 on 
SGx> by requiring in addition for each i > r the expansion of ff— 1] G H°(W(Df + p, : ) 
in ti to be of the form 

fi[- 1] = t~ l + const , 

and the expansion of /j[—1] in t, 0 to have no constant term. 

Thus, our section Ex> is the vanishing locus of some set of coordinates in the infinite¬ 
dimensional affine space SGt>, hence, Ex> itself is an infinite-dimensional affine space. □ 


58 



Theorem 4.2.2. Let us work over Q. The action of 0 on ASGr, is free and admits a 
section. The Krichever map induces an isomorphism 

U g ,m - ASG v /(5, 

andUg tn [D] is an affine scheme of finite type over Q. 

Proof. Let Ex> C SGu be the section for the 0-action constructed in Lemma 4.2.1. Then 
E x> fl ASGx> is an affine scheme, isomorphic to ASGt>/&. 

The proof follows the same outline as the proof of Theorems A and B (see Section 1.7), 
so we will omit some details. The key part of the proof is constructing the sequence of 
morphisms 

Ug,n[V\ — E P n ASGv — S GB — Ug,n[V]> 
where Sgb is a certain affine scheme of finite type classifying algebras with Grobner bases 
of given form, and proving that r o % o Kr = id, Kr o r o i — id. 

The morphism Kr is simply induced by (4.2.1) by passing to quotients by 0 and using 
the identification E- D D ASGr, — ASGx,/&. 

Let Wr C TLr be the universal subspace over Spec(i?) := E© fl ASG-p, and let N 
be such that D+ < AT(pi + ... + p n ). Then one has H 1 (Wr(N(pi + ... + p n ))) = 0, 
and part of the basis of Wr/R ■ 1, constructed in Proposition 4.1.6, gives a basis of 
H°(Wr(N(pi + ... + p n )))/R ■ 1, namely, the elements 

{9q)q=l,... ,s, ( fi[ P])i=l,... ,n,a,i<p<N (4.2.2) 

(see (4.1.8)). Thus, the condition (*) of Section 1.6 is satished, and we can apply Propo¬ 
sition 1.6.1, setting as before hfij) = ffi—N — j — 1], /) = hfi 0). This gives us generators 
and the basis of normal monomials in Wr of the form (1.6.2), with the elements (4.2.2) 
playing the role of (gf)- As in Section 1.7, we define Sgb to be the closed subscheme in 
the corresponding affine scheme of Grobner relations of the form (1.6.3) by requiring in 
addition the relations with the leading terms f) [—p] f t and ./) [~p]fr to have form (1.7.2), 
and those with the leading terms g q f l to have form 

Qqfi = hfinriq) + Afi< N + m q ) + ^ A fc (< 2N) + terms(deg 1 < N) for i = i q , 

k^i 

Qqfi = Bi(< N + 1 + mfi D“)) + ^2 2N ) + terms(deg x < N) for i i q , 

k^i 

where Afi< a) and Bfi< a) are some linear combinations of the elements h t (l) and f\ 
of deg, < a. The relations do have this form for Wr, so we get a natural morphism 
i : Spec (R) S G b- 

The morphism r is associated with the family of curves over Sgb given by Cqb — 
Proj(77(AcB)), where Aqr is the universal algebra defined by Grobner relations over 
Sgb, R(Agb) is the Rees algebra associated with the increasing filtration induced by 
degp Exactly as in Section 1.7, we equip Cgb with smooth marked points pi,... , p n and 
show that it is a flat family over Sgb- Furthermore, as in Section 1.7, we use the special 
form of the relations to estimate the poles of the generators h t (j ), f t [—p] and g q at the 
marked points. Namely, we show that h % (j) has a pole of order N + j + 1 at pi and a pole 
of order < N at p for if i\ ./) [~p\ has a pole of order p at p, and a pole of order < a*/ 
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at Pi> for i' 7 ^ i; and g q has a pole of order m q at p iq and a pole of order < mfi ) at p. t 
for i i q . This gives the following bases for the relevant divisors on Cgb'- 

H°(Cgb, 0(mD )) for m>N: {g q ) q = 1 . s , (/i[-p])i=i,...,n I o i < P <JV, (^i(j))i=i,... ,n,o<j<m-JV-i, 

H 0 (Cgb,O(D+)) = H°(C G b,O(D;)) : 1, (4 2 3 

where LU denotes the divisor supported at Pi, ■ ■ ■ ,p n of type D^. Hence, we derive 
that Cgb —* Sob is a family of genus g curves, and from Riemann-Roch we get that 
h}{C s , O(Dfi)) = 0 for each curve in this family. Furthermore, the above explicit bases 
are compatible with the maps (4.1.10), so we derive that each sheaf R 1 ^*(0(D±)) over 
Sgb is locally of rank /? 1 (D^). 

Thus, we get a well-defined morphism r : Sgb Ug,n\P]- The rest of the proof is 
similar to that of Sec. 1.7. Note only that in proving that Kr o r o i = id we have to 
establish an isomorphism of two R-points of E-p n ASG-d — ASGd/(5. For this we again 
can use Proposition 1.5.5(i) which reduces this to checking that the corresponding weakly 
marked algebras are isomorphic. □ 

Note that Theorem E is a special case of Theorem 4.2.2 when n = 1, where we set 
ASG[£ i,... ,£ g ] — ASGt> for V given by (4.1.4). 

It is straightforward to see that in the case n — 1 all the coordinates on the affine space 
Ep have positive G m -weights. Thus, similarly to Proposition 2.2.4 we derive the following 
result. 

Corollary 4.2.3. Let us work over an algebraically closed field k of characteristic zero. 

Let 1 = £\ < ... < £ g be a gap sequence, i.e., 

S — Z > 0 \ {£i,... ,£ g } 

is a subsemigroup in Z> 0 . The action of G m on the ring of functions on the scheme 
Ug t i{£ i,... ,£ g \ has non-negative weights, with zero weight subspace given by constants. 

The unique G m -invariant point of U g ,\[£\,... ,£ g ] corresponds to the projective curve C s 
compactifying the curve Spec (k [S']), where A;[S'] is the semigroup ring of S. The geometric 
quotient 

K ,41 ~U a Ah,... , 4 ]\{C S }/G m (4.2.4) 

is a projective scheme. 

Recall that the maximal gap £ g of a smooth point p on a curve of arithmetic genus g is 
always < 2g — 1 (this follows from the fact that S = Z> 0 \ {G, ... , £ g } is a subsemigroup, 
see e.g., [10]). Using the G m -action on Lf h \[l\,... ,£ g \ we deduce that any curve that has 
a smooth point for which £ g = 2g — 1 is necessarily Gorenstein (provided it is irreducible). 

Corollary 4.2.4. Let C be a projective irreducible and reduced curve of arithmetic genus 
g > 1 with a smooth point p such that hf{{2g — 2 )p) = 1 , or equivalently the maximal gap 
at p is £ g = 2g — 1 . Then C is Gorenstein and u>c — 0({2g — 2)p). 

Proof Let 1 = l\ < ... < £ g be the gap sequence of (C, p). The fact that £ g = 2g — 1 
implies that the subsemigroup S = Z> 0 \ {£\, ... ,£ g } is symmetric, i.e., for an integer m, 
one has m G S if and only if 2g—l—m jL S (see [10, Lemma]). Hence, by the main theorem 
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of [10], the semigroup ring k[S] is Gorenstein. But the G m -action on U g , i[G, • • • ,£ g \ gives 
a deformation over A 1 with the special hber Spec(A;[S']) and every other hber isomorphic 
to C \ {p}. Hence, C \ {p} is Gorenstein as well, and so C is Gorenstein. 

For the last assertion we observe that L = ojc(—{f2g — 2)p) is a line bundle of degree 
0 on C. Furthermore, by Serre duality, we get h°(L) = 1 . Since C is irreducible and 
reduced, this implies that L is trivial. □ 

Remarks 4.2.5. 1. Let 1 = A < ... < £ g be a gap sequence with £ g = 2g — 1. Assuming 
in addition that i 2 = 2 and £ g _\ > g Stohr constructed in [23] a projective scheme 
S[£ i,... ,£ g ] whose points are in Injection with Gorenstein projective irreducible curves 
C of arithmetic genus g with a smooth point p such that ( C , p) has finite automorphism 
group and the gap sequence of (G, p) is (G, • • • , £ g )- His method is to study the equations 
of C in the canonical embedding. It is easy to see that by construction S[£\, • • • , £ g \ carries 
a family satisfying the conditions of Corollary 4.1.9, so we get a morphism 

S[£i,... ,£ g \-> H'JG, ■ • • ,£ g ] (4.2.5) 

where the scheme on the right is given by (4.2.4). Corollary 4.2.4 implies that this 
morphism is a bijection on /c-points. We conjecture that in fact, it is an isomorphism. 

The construction of [23] has been extended in [15] to gap sequences with £ g = 2g — 2, 
£3 = 3, £ g _ 1 > g, to give a quasi-projective variety S[£ 1 ,... ,£ g ] parametrizing Gorenstein 
irreducible curves with such gap sequences. It seems plausible that in this case the map 
(4.2.5) is an open embedding. 

2. The construction of the moduli space of pointed curves (C, p) with a given gap sequence, 
and such that C is smooth, goes back to Pinkham’s work [16]. He also constructs a 
compactihcation of the space, using the versal deformation space of the monomial curve 
associated with the gap sequence, viewed as a G m -curve. It would be interesting to 
compare this compactihcation to our space U g , i[G, • • • ,£ g ]- hi the case £ g = 2g — 1 Stohr 
shows that Pinkham’s space for smooth curves is an open subset of the moduli space 
considered in [23]. 

The following easy example of the moduli space U g ,1 [A, • • • , £ g \ is related to hyperclliptic 
curves. 

Proposition 4.2.6. Let us work over SpecZ[l/2]. For each g > 2, the moduli scheme 
U g ^ 1 [1, 3,... , 2g — 1] is isomorphic to the affine space A 29 , and the universal affine curve 
C \ {p} over it is given by the equation 

y 2 = x 29+1 + aix 29-1 + ... + a 2g . (4.2.6) 

The weights of the G m -action on the coordinates are given by wt(ai) = 2i + 2. In other 
words, this is just the miniversal deformation space of the A 2g -singularity with its natural 
G m -action. 

Proof Given a curve (C, p) in U. g _ 1 [1, 3,... , 2/7 — 1 ], we can find elements x G H°(C, 2p) 
and y G H°(C, (2 g + l)p) with the expansions x = A + ..., y = -^+r + ... at p. Then 
there should be a relation of the form 

y 2 = P 2 g+i(x ) +yP g (x), 
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where P 2 g +i and P g are polynomials of degree 2g + 1 and g, respectively. We can use the 
ambiguity y (->• y + Q g (x), where Q g is a polynomial of degree g , to get P g = 0, and the 
ambiguity x (->• x + const to make the coefficient of x 2g in P 2 g +i to be 0. Since this is a 
single equation, it already gives the Grobner basis, so that the monomials (x m ,x m y) m > o 
form a basis of H°(C \ {p}, O). Conversely, starting from the algebra A with the defining 
equation (4.2.6) between the generators x,y, we can construct a curve C as Proj(77(7l)), 
where 71(A) is the Rees algebra of A with respect to the filtration induced by deg(a;) = 
2, deg(p) = 2g + 1. Similarly to the proof of [17, Thm. 1.2.4] one checks that these 
constructions (that work in families) are mutually inverse. □ 

Remark 4.2.7. Thus, the moduli stack U 9i i[l,3,... , 2g — 1] \ {G 0 }/G m , where C 0 is 
the curve with the affine part y 2 = x 2g+1 , is isomorphic to the weighted projective stack 
P(4, 6 ,... , Ag + 2). Note that the same stack also appears in [ 6 ] as the stack 7i2 g [2g ~ 1] 
of quasi-admissible hyperclliptic covers of P 1 , and in [1] as the stack of cyclic covers of P 1 
of degree 2 with a fixed simple ramification point. 
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